EXISTENCE OF CR SECTIONS FOR HIGH POWER OF 
SEMI-POSITIVE RIGID HEISENBERG LINE BUNDLES OVER 
COMPACT HEISENBERG MANIFOLDS 
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Abstract. Let X be a compact Heisenberg manifold of dimension 2n — 1, n ^ 2, 
and let L be a semi-positive rigid Heisenberg line bundle over X. In this paper we 
prove that if L is positive at some point of X and conditions Y{0) and Y{1) hold at 
each point of X , then L is big. 
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1. Introduction and statement of the main results 

^ ! Let X be a compact CR manifold of dimension 2n — 1, n > 2. When X is strongly 

I pseudoconvex and dimension of X is greater than five, a classical theorem of L. Boutet 

de Monvel |1] asserts that X can be globally CR embedded into C^, for some N & N. 
For a strongly pseudoconvex CR manifold of dimension greater than five, the dimension 
of the kernel of the tangential Cauchy-Riemmann operator db is infinite and we can 
find many CR functions to embed X into complex space. When the Levi form of X has 
negative eigenvalues, global embedding problems for X are a very important subject 
in CR geometry, see Andreotti-Siu [T], Epstein-Henkin [8] and Marinescu [12]. In this 
case, the dimension of the kernel of db is finite and could be zero and in general, X can 
not be globally CR embedded into complex space. Inspired by Kodaira, we introduced 
in [To] (see also [12]) the idea of embedding CR manifolds by means of CR sections of 
tensor powers L'^ of a CR line bundle L — )■ X. If the dimension of the space H^{X, V^) 
of CR sections of is large, when — )■ oo, one should find many CR sections to embed 
X into projective space. In analogy to the Kodaira embedding theorem, it is natural 
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to ask if X can be globally embedded into projective space when it carries a CR line 
bundle with positive curvature? To understand this question, it is crucial to be able to 
know if dimH^{X, V') ~ A;", for k large? The following conjecture was implicit in [12] 



Conjecture 1.1. If L is positive and the Levi form of X has at least two negative and 
two positive eigenvalues, then 

dimi7°(X,L*^) ~ r, 

for k large. 

The difficulty of this conjecture comes from the presence of positive eigenvalues of 
the curvature of the line bundle and negative eigenvalues of the Levi form of X and 
this causes the associated Kohn Laplacian to have no semi-classical spectral gap. This 
problem is also closely related to the fact that in the global L^-estimates for the dh- 
operator of Kohn-Hormander there is a curvature term from the line bundle as well 
from the boundary and, in general, it is very difficult to control the sign of the total 
curvature contribution. 

In complex geometry, Demailly's holomorphic Morse inequalities |7] handled the 
corresponding analytical difficulties in a new way. Inspired by Demailly, we established 
analogues of the holomorphic Morse inequalities of Demailly for CR manifolds (see |10j ) 

Theorem 1.2. [Hsiao-Marinescu, 2009] We assume that the Levi form of X has at 
least two negative and two positive eigenvalues. Then as k oo, 

- dim H^{X, L^) + dim Hl{X, L'') 

^ 2f^(~ L L |det(M,^ + s£,.)|c?3rft;x(x) 



;i.l) 2(27r)" 



rll(x),0 



+ \det{M;^ + sC^)\dsdvxix)J +o{k'^), 

where is the associated curvature of L at x (z X (see Definition \1.9\} . Hl{X,L^) 
denotes the first dh cohomology group with values in , dvx{x) is the volume form on 
X , Crc denotes the Levi form of X at x & X , and for x G X, g = 0, 1, 

^ ^ 'K^(^x),q = {s G M; + sCx has exactly q negative eigenvalues 

and n — 1 — q positive eigenvalues}. 

From (11. ip . we see that if 
(1.3) / / \dei{M^ + sC^)\dsdvx{x) > / / \det{M^ + sC^)\dsdvx{x) 



then L is big, that is dim H^{X,L^) ~ A;". This is a very general criterion and it is 
desirable to refine it in some cases where (II. 3p is not easy to verify. The problem still 
comes from the presence of positive eigenvalues of and negative eigenvalues of Cx- 
For the better understanding, let's see a simple example (see section 9.1, for the 
details). We consider compact analogues of the Heisenberg group Hn- Let Ai, . . . , A„_i 
be given non-zero integers. We assume that Ai < 0, . . . , A„_ < 0, A„_+i > 0, . . . , A^-i > 
0. Let W„ = (C"-i X R)/^ , where (z, 6) ~ (z, 9) if 



2; — 2; = (ai, . . . , a„_i) G v27rZ" ^ + i\/2nZ"' ^, 9 — 9 — i^^^-^ Xj{zjaj — zjaj) E nZ . 

We can check that ~ is an equivalence relation and is a compact manifold of 

dimension 2n — 1. The equivalence class of {z, 9) G C"^^ x R is denoted by [{z, 9)]. For 
a given point p = [{z, 9)], we define the CR structure T^'^^Hn of '^Hn to be the space 
spanned by + iXjZj-^, j = 1, ... ,n — 1}. Then Hn,T^'^^ Hn) is a compact 
CR manifold of dimension 2n — 1. With a suitable choose of a Hermitian metric on 
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the complexified tangent bundle of ^Hn, the Levi form of at p G is given 

by Cp = J2]=l ^jdzj A dzj. Let L = (C^-^ x R x C)/^ where {z, 9, r]) = {1, 9, rj) if 

n— 1 ^ 

{z, 9) ~ {z, 9), rj = r7exp(^ fij,t{zjat + , for (ai, . . . , = i'- 2;, 

where /Xj^t = //tj, j, t = 1, ... ,n — 1, are given integers. We can check that = is an 
equivalence relation and L is a CR line bundle over '^Hn- For (z, 6', 77) G C"^^ x M x C 

I 1 2 

we denote [(2;, ^,77)] its equivalence class. Take the pointwise norm | [(2, 6^, r^)] : = 
\r]^ exp ( — ^YTft=\ f^j,t^j^t) ^- Then the associated curvature of L is given by = 
Yl^~tli t^j,td^j ^ dzt, Vx G 'T^Hn- In this simple example, Conjecture II. II becomes 

Question 1.3. If n_ > 2, n — 1 — n_ > 2, and the matrix (/ij,t)"7=i positive definite, 
then dim H^CrfHn, L^) ~ A;" ? 

If yUj^t = |Aj| j,t = 1, . . . ,n — 1, and ?t,_ > 2, n — 1 — > 2, where = 1 if 
j = t, Sj^t = if j 7^ t, then it is easy to see that M0(a.)^i = 0, where is given by 

( II. 2p . Combining this observation with Morse inequalities for CR manifolds (see (II. ip ). 
we get 

Theorem 1.4. > 2, n — 1 — n_ > 2, and fij^t = Sj,t, j,t = 1, . . . ,n — 1, then 

dimi/°(W„,L'=) ~ A;'^. 

The assumptions in Theorem 11.41 are somehow restrictive. It is clearly that we cannot 
go much further from Morse inequalities. By using Morse inequalities to approach 
Conjecture II. H we always have to impose extra conditions linking the Levi form and 
the curvature of the line bundle L. Similar problems also appear in the works of 
Marinescu [12] and Berman [3] where they studied the 9-Neumann cohomology groups 
associated to a high power of a given holomorphic line bundle on a compact complex 
manifold with boundary. In order to get many holomorphic sections, they also have to 
assume that, close to the boundary, the curvature of the line bundle is adapted to the 
Levi form of the boundary. In this work, by carefully studying semi-classical behaviour 
of microlocal Fourier transforms of the extreme functions for the spaces of lower energy 
forms of the associated Kohn Laplacian, we could solve Conjecture 11.11 under rigidity 
conditions on X and L without any extra condition linking the Levi form of X and the 
curvature of L. As an application, we solve Question 11.31 completely. The proof of our 
main result presents a new way to overcome the analytic difficulty mentioned in the 
discussion after Conjecture 11.11 under rigidity conditions. By using this new method, 
it is possible to remove the assumptions linking the curvatures of the line bundle and 
the boundary in the works of Marinescu [12] and Berman [3] under rigidity conditions 
on the boundary and the line bundle. 

The rigidity conditions we used in this paper are inspired by the work of Baouendi- 
Rothschild- Treves [2]. They introduced rigidity condition on CR structure and proved 
that such a manifold can always be locally CR embedded in complex space as a generic 
submanifold. From their work, rigidity condition on CR structure seems suitable for our 
purpose. Initially, it is reasonable to first assume that X can be locally embedded and 
study global embeddability of X. From symmetric point of view, we can expect that the 
curvature of the line bundle and its transition functions have to satisfy some rigidity 
conditions (see Definition 11.81 and Definition I1.12p . Moreover, with these geometric 
conditions, it is possible to establish a micolocal asymptotic expansion of the Szego 
kernel and extend Kodaira embedding theorem to this situation. 

The geometric objects introduced in this paper form large classes of CR manifolds 
and CR line bundles. We hope that these geometric objects will be interesting for CR 
geometers and will be useful in CR geometry. 
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1.1. Some standard notations. We shall use the following notations: M is the set 
of real numbers, 1+ := {x G M; x > 0}, N = {1,2, . . .}, No = NU{0}. An element 
a = («!,...,«„) of Nq will be called a multiindex and the length of a is: |a| = 
ai + ■ ■ ■ + We write = x^^^ ■ ■ ■ a; = (xi, . . . , a;„), 9^ = d^l ■ ■ ■ 9^;, d,^ = 

= D^l ■ ■ ■ D";, = ]d^, D^^ = \d^.. Let z = (zi, . . . , zj = X2j-i + ix2j, 

j = 1, . . . ,n, he coordinates of C^. We write 2;° = ■ ■ ■ z^", z°' = z^^ ■ ■ ■ z'^", |^ = 

= d^' ...d^", d,. = = ij^), J = l,...,n. ^ = = d^' ■■■d^", 

Let n be a C°° paracompact manifold. We let TQ and T*Q denote the tangent 
bundle of Q and the cotangent bundle of Q respectively. The complexified tangent 
bundle of Q and the complexified cotangent bundle of Q will be denoted by CTQ and 
CT*Q respectively. We write ( ■ , ■ ) to denote the pointwise duality between Tfl and 
T*n. We extend ( ■ , ■ ) bilinearly to CTQ x CT*Q. Let E he a C°° vector bundle 
over Q. The fiber of E' at x G will be denoted by E^. Let F he another vector 
bundle over Q. We write E^F to denote the vector bundle over f2 x with fiber over 
{x,y) E Q X Q consisting of the linear maps from E^ to Fy. 

1.2. Set up and the main results. Let (X, T^'°X) be a compact CR manifold of 
dimension 2n — 1, n ^ 2, where T^'^X is a CR structure of X. That is, T^'°X is 
a complex n — 1 dimensional subbundle of the complexified tangent bundle CTX, 
satisfying T^'^X f]T'^'^X = {0}, where T^'^X = T^, and [V, V] C V, where V = 
C°°(X,Ti'°X). We need 

Definition 1.5. We say that (X, T^'^X) is a Heisenberg manifold if there exists a 
global real vector field T G C~(X, CTX) such that 

CTX = T^'°X © T^'^X © {AT; A G C} , 

[T, V] C V, V := C"^(X, Ti'°X). 

We call T a rigid global real vector field. 

It should be noticed that Heisenberg manifolds were introduced in Baouendi-Rothschild- 
Treves [2]. In their paper [2], they use the terminology rigid CR manifolds instead of 
Heisenberg manifolds. Let's see some examples 

Example 1.6. (I) Let M he an open subset with C°° boundary dM of a complex 
manifold M' of dimension n. If for every xq G dM, we can find local holomorphic 
coordinates {zi, . . . , Zn) defined in some neighborhood of xq, such that near xq, dM is 
given by the equation 

Im Zn = f{zi, . . . , Zn~i), f G C°° is real valued, 

then dM is a Heisenberg manifold of dimension 2n — 1. 

(II) Let M be a complex manifold and {E, h^) he a holomorphic Hermitian line bundle 
on M, where the Hermitian fiber metric on E is denoted by h^. Let {E*, ) be the 
dual bundle of E. We denote 

G:={ve L*- Iv^i^, < 1} , dG = {ve L*- \v\,^^* = 1} . 

The domain G is called Grauert tube associated to E. It is easy to see that dG is a 
Heisenberg manifold. 
(HI) The hypersurfaces 

(^i,...,^„) gC"; Y.\,\z,\^ = R 
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and 

|[eo,6,---,en]eCP- fjA,|e,f = o| 

are Heisenberg manifolds, where \j e M, j = 0, 1, . . . , n, i? e M and [.^o, ii-i ■ ■ ■ i Cn] is 
the standard homogeneous coordinates on CP". 

(IV) Heisenberg groups and compact Heisenberg groups (see section 9.1) are Heisenberg 
manifolds. 

Prom now on, we assume that {X, T^'^X) is a compact Heisenberg manifold and we 
fix a rigid global vector field T e C°^(X, CTX). 

Fix a smooth Hermitian metric ( • | ■ ) on CTX so that T^'°X is pointwise orthogonal 
to T^'^X := T^, T is pointwise orthogonal to T^'^X e T^'^X, (T|T) := ||T||^ = 1 
and {u\v) is real if u, v are real tangent vectors. 

Define 

T*^'°X := {e e Cr*X; (e, u) = 0, Vii e T°'^X © {AT; A e C}} , 
T*°'^X := {/ e CT*X; (/, v) = 0, Vv e T^'°X © {AT; A e C}} . 

T*^'^X and T*°'^X are subbundles of the complexified cotangent bundle CT*X. Define 
the vector bundle of (0, q) forms of X by A°'«T*X := A«T*°'^X. Let D C X be an open 
set. Let Q^'''{D) denote the space of smooth sections of A°'^T*X over D. Similarly, if E 
is a vector bundle over D, then we let Q^''^{D, E) denote the space of smooth sections 
of A°'<?T*X ® E over D. Let ^^^'^{D, E) be the subspace of f]°'«(T), E) whose elements 
have compact support in D. 

The Hermitian metric ( • | • ) on CTX induces, by duality, a Hermitian metric on 
CT*X and also on A°'«T*X the bundle of (0, q) forms of X. We shall also denote 
all these induced metrics by (• | •)• For / e Vt^''^[X), we denote the pointwise norm 
|/(a;)|^:= U{x)\f{x)). 

Locally there is a real 1-form ujq of length one which is orthogonal to T*^'°X©T*°'^X. 
The form uq is unique up to the choice of sign. We choose ujq so that (T, wq) = — 1- 
Therefore ujq is uniquely determined. We call uq the uniquely determined global real 
1-form. We have the pointwise orthogonal decompositions: 

CT*X = T*i'°X © T*°'iX © (Awo; A e C} , 
^^'^^ CTX = T^'°X © T°'^X © {AT; A e C} . 

Definition 1.7. For p e X, the Levi form Cp is the Hermitian quadratic form on 
Tpi'OX defined as follows. For any U, V e T^'^X, pick U,V e C°°{X, T^'^X) such that 
U{p) = U, V(p) = V. Set 

(1-5) £p(C/,F) = ^([W,V](p) ,a;o(p)>, 

where \U,V]=UV — VU denotes the commutator of U and V. Note that Cp does 
not depend of the choices of U and V. 

Since Cp is a Hermitian form there exists a local orthonormal basis {Ui, . . . , Un-i} of 
T^'^X with respect to ( ■ | ■ ) such that Cp is diagonal in this basis, Cp{Uj,Ut) — ^j,Aj{p), 
j,t = 1, . . . , n - 1, Sj^t = 1 if j = t, 6j^t = a j j^t, \j{p) e R, J = 1, . . . , n - 1. The 
diagonal entries {Ai(p), . . . , An-i(p)} are called the eigenvalues of the Levi form at 
p e X with respect to ( ■ | ■ ) . 

Given q E {0, . . . , n—1}, the Levi form is said to satisfy condition Y{q) at p G X, if Cp 
has at least either max {q + l.n — q) eigenvalues of the same sign or min (q + l,n — q) 
pairs of eigenvalues with opposite signs. Note that the sign of the eigenvalues does not 
depend on the choice of the metric (•!•). 
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Let 

(1.6) db : fi°''^(X) ^ 1]°'''+^(X) 

be the tangential Cauchy-Riemann operator (see chapter 7 in [5]). Let U d X be an 
open set. We say that a function u G C°°{U) is a rigid CR function if dbU = and 
Tu = 0. 

Definition 1.8. Let L be a complex line bundle over X. We say that L is a Heisenberg 
line bundle over X if its transition functions are rigid CR functions. 

From now on, let (L, h^) be a Heisenberg line bundle over X, where the Hermitian 
fiber metric on L is denoted by h^. We will denote by (p the local weights of the 
Hermitian metric h^. More precisely, if s is a local trivializing section of L on an 
open subset D G X, then the local weight of with respect to s is the function 
(j)eC°°{D,R) for which 

(1.7) |s(x)|^^ =e-<^("), xeD. 

Definition 1.9. Let s be a local trivializing section of L on an open subset D G X 
and the corresponding local weight as in (11. 7p . For p G D we define the Hermitian 
quadratic form on T^'^X by 

(1.8) M}{U,V) = ^(^UAV,d{db(P-dt(P){p)), U^YGTl'^^X, 

where d is the usual exterior derivative and dhcj) = db4>. 

In Proposition 4.2 of [10], we show that the definition of is independent of the 
choice of local trivializations. 

Definition 1.10. We say that (L, h^) is positive at xq G X if the Hermitian quadratic 
form M^^ is positive. 

Definition 1.11. We say that {L,h^) is semi-positive if there is a positive constant 
6 > such that for every x G X and s G [—5,6], the Hermitian quadratic form 
+ 2sCx is semi-positive. 

Definition 1.12. Let (L, h^) be a Heisenberg line bundle over X. We say that (L, h^) 
is a rigid Heisenberg line bundle over X if 

(1.9) 9feT0 = O onX, 
where denotes the corresponding local weight as in (11.71) . 

Since the transition functions are rigid CR functions, we can check that T(j) is a 
well-defined global smooth function on X. Thus, the condition (11. 9p makes sense. We 
notice that the geometric meaning of the condition (II. 9p becomes more natural when 
X is a generalized torus Heisenberg manifold (see the discussion after Theorem ll.lSp . 
Notice also that if is a global real valued smooth function on X with Tip = 0, then 
the trivail line bundle X x C with the Hermitian fiber metric e~'^ is a rigid Heisenberg 
line bundle over X. 

Let L*^, /c > 0, be the k-th tensor power of the line bundle L. We write dh,k to denote 
the tangential Cauchy-Riemann operator acting on forms with values in L^, defined 
locally by: 

(1.10) dk,k : 1^°'''(X, L'^) ^ r]°''^+i(X, L'^) , db,k{s'u) := s'dtu, 

where s is a local trivialization of L on an open subset D G X and u G Q^''^{D). We 
obtain a (?b^fc-complex {fl^'*{X, L^),dh^k) with cohomology 

(1.11) H;{X,L'') := keTdt,k/lmdh,k. 
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We assume that Y{0) holds. By [11, 7.6-7.8], [9, 5.4.11-12], Props. 8.4.8-9], condition 
F(0) imphes that dimH^{X,L'') < oo. 
Our main result is the following 

Theorem 1.13. Let {X, T^'^X) be a compact Heisenberg manifold of dimension 2n — l, 
n ^ 2 and let {L,h^) be a semi-positive rigid Heisenberg line bundle over X . We 
assume that {L, h^) is positive at some point of X and conditions Y{{]) and Y{1) hold 
at each point of X . Then, for k large, there is a constant c > independnet of k, such 
that 

dimi/°(X,L'^) > cr. 

We investigate Theorem 1 1 . 1 3 1 on generalized torus Heisenberg manifolds. Let <l>*(x) 
be the T-flow. That is, is a different iable mapping: 

t ^\x) eX -.1 ^X, 

I is an open interval in M, G /, such that = x, Vx G X, and = T($*(x)). 

We need 

Definition 1.14. We say that X is a generalized torus Heisenberg manifold if there is 
a constant 7o > such that is well-defined, V|t| < 70, Vx G X, and ^'^°{x) = x 

for every x E X. 

Definition 1.15. Let L be a Heisenberg line bundle over a generalized torus Heisenberg 
manifold X. We say that L is admissible if we can find an open covering {Uj}^^^ of X 
such that L is trivial on Uj, for each j, and x G f/j, |t| < 70} = f/j, for each j, 

where 70 > is as in Definition 11.141 

Let L be an admissible Heisenberg manifold over a generalized torus Heisenberg 
manifold X. Take any Hermitian fiber metric on L and let denotes the corre- 
sponding local weight as in ( II. 7p . Let /if be the Hermitian fiber metric on L locally 
given by |s|^l = e"''^^, where (t)\ = Jq° 0($*(x))(it, 70 > is as in Definition II. 14[ s is 

a local trivializing section of L. It is easy to check that /if is well-defined and T0i = 0. 
Thus, (L, hi) is a rigid Heisenberg line bundle over X. Moreover, we can show that 
if is positive on X then M^^ is positive on X (see Proposition 13. 3[ for the proof). 
Combining this with Theorem I1.13[ we obtain 

Theorem 1.16. Let (X, T^'°X) be a compact generalized torus Heisenberg manifold of 
dimension 2n — 1, n ^ 2 and let {L, h^) be an admissible Heisenberg line bundle over 
X. We assume that {L,h^) is positive on X and conditions Y{0) and Y{1) hold at 
each point of X. Then, for k large, there is a constant c > independnet of k, such 
that 

dimH^{X,L'') > ck'^. 

1.3. The outline of the proof of Theorem I1.13L Let D^^l denote the Kohn Lapla- 
cian with values in (see section 2). Fix q = 0,1, . . . ,n — 1. We assume that Y{q) 
holds. It is well-known that □['^^ has a discrete spectrum, each eigenvalues occurs 
with finite multiplicity and all eigenforms are smooth and KerD^"^^ := J^^{X,L^) = 
H^{X, L^). For A > 0, let ^^^^^{X, L^) denote the space spanned by the eigenforms of 
□["^^ whose eigenvalues are bounded by A. Now, we assume that 1^(0) and Y{1) hold 
and (L, h^) is semi-positive and positive at some point of X. Take 5o > be a small 
constant so that + 2s£^ > 0, V \s\ < 5o, Vx G X. Take G C^i] - 5o, 5o[,R+) 
so that ^(r/) = 1 if -f < r/ < f . Take xit) e C^i] - 2, 2[,1+) so that < xif) < 1 
and x{t) = 1 if -1 < t < 1 and x{-t) = x{t) for all t e R. Fix M > 0. Under 
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the rigid assumptions in Theorem 11.13^ we can construct global continuous operators 
Qfl^ : C°°(X,L^) ^ C°°(X,L^) and gi^.fc : ^°'HX,L'') 9P^^{X,L^) such that 

(1-12) AkQflu = Q%\k on L^) 

and Qf^k, Q^Mk formally given by the following. Let s be a local section of L on 



DdX, \s\ 



and let (^*ix) be the T-flow. Then, 



;i.i3) 



t , k 



M' 



-itr) 



m' 



^ f {(^ k (^x))dtdri on D, 
g{^T^ {x))dtdri on Z), 



where / = s^f G C^{D, L'^), g = s'^g G Qq'^{D,L^). (See section 5, for the precise 
definitions for the operators Qf^i^, Qt} k-) Roughly speaking, the semi-calssical sup- 
port of the Fourier transforms in the T-direction of Q^^ k ^^"^ Q^m k almost every 
supported in Supp?/'. For A > 0, define 



;i.i4) 



Pk 



where ( ■ | ■ )^ifc denotes the Hermitian metric on hP''^T*X®L^ induced by and ( ■ | ■ ), 
fj{x) G C°°(X, L'^), j = 1, . . . , mfc, is an orthonormal frame for the space Ji^^^^{X, L^) 
with respect to ( ■ | ■ the natural inner product induced by ( ■ | • );jL'= and the 
volume form of X, gj{x) G fi°'^(X, L'^), j = 1,...,^^, is an orthonormal frame for 
J^^<;^(X, L^) with respect to ( ■ | ■ It is straightforward to see that the definitions 
(I1.14P are independent of the choices of orthonormal frames. The point of our proof is 
that there exists a sequence t'fc > with z/^t — )■ as /c — )■ oo, such that 



;i.i5) 
;i.i6) 



For each x E X, limfc^oo k ^{Q^m k-^k^<ku )(^) exists and is real valued, 



(1.17) 
and 

(1.18) 



limsupfc-"(gW,i7«,,^g^^^,)(x) < Vx G X, 



sup {A;-" |(gg,i7i°LjW| ; > 0,x G X} < oo, 
sup {fc-"(Q!i>i°L,0(^)' A: > 0,x G X} < oo. 



where R,,o is given by I^JB) and 1r,,o(0 = 1 if ^ e M,,o, 1m..o(0 = if ^ ^ Mx,o and 
Ci > is a constant independent of k and M. 

From (11.181) . we can apply Lebesgue dominate Theorem and Fatou's lemma and we 
get by using (11.161) and (I1.17p . 



;i.i9) 



(Qflknt'LMdvxix) 



X 



>r((27r)i-"^( J ^{^)det{M^ + 2^C.)tu^,,{0d^)dvx{x)-^)+o{k^), 



Chin-Yu Hsiao, April 20, 2012 



Existence of CR sections 



;i.2o) 



iQZKLkQ'MW)dvx{x) < r-^ + 0{k 



Co 



X 



M2 



where C2 > is a constant independent of M and /c, dvx{x) is the volume form on X. 



Let 



(X, L^) denote the space spanned by the eigenforms of whose 
eigenvalues are > and < kv^. Let /i fc, f2^ki • • • ? fdk,k be an orthonormal basis for 
J^jj^{X, L''), where dk = dim^°(X, L^). Let fi^, f2,k, ■ ■ ■ , fnk,k be an orthonormal 
basis for J^°q^;^<^j^^(X, L'^). From fll.lQp and fll.l4p . we see that if M is large enough, 
then 

dk 

(L21) i=i 



b,0<X<kuk 



'\Qtlkfj,k\fj,k)hLk {x)dvx{x 



> 



X 

A;" 



{QM,kkk\fj,k)hL>^ {x)dVx{x 



X 



(2vr) 



l-n 



^(0 det(M,^ + 2^C,)l^^^,{0dCldvx 



(X 



for k large. From f ll.l2p and fll.l4p . it is not difficult to check that 



;L22) 



E 

i=i 
< 



{QM,kfjMfj,k)hL'= {x)dvx{x] 



X 



1 "fc 



'^(^?S.<i..,Qit)(^)^^^(^)) [Y j^^kk\kk)uA^)dvx{x] 



It is well-known (see [TO]) that 



;L23) 



sup|/c "^(/i,fc|/j,fc);jLfc(a:); fc>0,xGXj> <oo. 

From ^Um . (Oni), ffi:^ and (II2ID, it is straightforward to see that if M is large 
enough, then 

dk 



:i.24) 



E 



{QM,kfj,k\fj,k)hL'' {x)dVx{x) 



X 

A;" 



> — (27r 
- 4 ^ 



,1-ri 



^(0 det(M,* + 2^C,)l^^^,{0dndvx{x) 



for large. Moreover, it is straightforward to see that there is a constant Cm > 
independent of k such that J^{Qf^ f,u\u) f^Lk{x)dvx{x) < Cm jx{'^\'^)hL^{'^)di^x{x)^ 
for all u G C°°(X, L^). Combining this with flL24p . we have 

dk „ dk „ 

CMdk = CMy2 {fj,k\fj,k)hL''i^)dvx{x) >Y] / {Q^^^Jj^k\fj,k)hL''ix)dvxix) 
^^Jx Jx 



> — (27r 



^(0 det(M,^ + 2iC^)l.,{m)dv_ 



•Jx[x). 



Theorem 11.131 follows. 

The paper is organized as follows. In section 2, we review the results in [TU] about 
the asymptotic behaviour of the Szego kernel for lower energy forms in order to prove 
f ll.lSp . f ll.l6p and f ll.lSp . We introduce the extremal function for the space of lower 
energy forms with respect to a given continuous operator and relate it to the function 

k-^k^<\Q^M k (s^^ Lemma [2l2|) . This result will be used in the proof of fll.l7p . In 
section 3^ we introduce canonical coordinates on Heisenberg manifolds and prove that 
locally we can always find canonical coordinates and local section such that the cor- 
responding local weight has simple form (see Proposition 13. 2p . Canonical coordinates 
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will be used in the constructions of the operaors Q^^j. Q^tik ^^'^ Proposition 13.21 
will be used in section 4 and the proofs of (11.151) . fll.l6p and fll.l7p . In section 4, we 
modify the scaling technique developed in [lOj in order to establish the semi-classical 
Kohn estimates(see Propositions 14. 2p and a result about the asymptotic behaviour of a 
sequence of forms with small energy (see Proposition 14.31) . These results play important 
roles in the proofs of (11.151) . (11.161) and (11.171) . In section 5, we construct the operators 
Qf)k ^^cl Q'm k- section 6, we prove (11.181) . (I1.15p . (I1.16P and (11.191) . In section 7, 
we prove (I1.17P and (ll.20p . In section 8, we first prove the inequality (ll.22p and then 
we complete the proof of Theorem I1.13[ In section 9, we exemplify our main result in 
two concrete examples, one of a quotient of the Heisenberg group and the orther of a 
Grauert tube over the torus. 

2. SZEGO KERNELS FOR LOWER ENERGY FORMS 

We will use the same notations as section 1. From now on we assume that {L,h^) 
is a Heisenberg line bundle over X. 

The Hermitian fiber metric on L induces a Hermitian fiber metric on that we 
shall denote by . If s is a local trivializing section of L then is a local trivializing 
section of . The Hermitian metrics (■ | ■) on J\P''^T*X and induce Hermitian 
metrics on hP''^T*X ® L^. We shall denote these induced metrics by ( ■ | ■ For 
f G ^]°'''(X,L^), we denote the pointwise norm \f{x)\li^k := {f{x)\f{x))^r.k. As ffTTOD . 
let 

(2.1) db,k : f^°'^(X, L'') -> fi°'^+i(X, L'') 

denote the tangential Cauchy-Riemann operator acting on forms with values in L^. 
We denote by dvx = dvx{x) the volume form on X induced by the fixed Hermitian 
metric (■ | ■) on CTX. Then we get natural global inner products ( | )^^fc, ( | ) 
on n°'^(X, L^) and n°''^(X) respectively. We denote by L^q^^(X, L^) the completion of 

fiO'9(X,L^) with respect to ( I For / G fi°'«(X, L'^), we denote := (/ | /)^^fc. 

Similarly, for / G fi°'^(X), we denote ||/||^ := (/ | /). Let 

(2.2) d^,, : fi°'''+^(X, L'') -> fi°''?(X, L'') 

be the formal adjoint of d^^k with respect to ( | )^ifc . The Kohn-Laplacian with values 
m is given by 

(2.3) = dl,d,,k + AkKk ■ L') -> ^°'''(^, L')- 
We extend di,^k to L^q^^(X, L^), r = 0, 1, . . . , n — 1, by 

(2.4) \u ■■ Dom9fe,fc C ^^^.^(M, L^) ^ Lf,^r+i)i^^ ' 

where Domdb^k '■= {u G ^.^(X, L^); db^kU G L^q^,^-^-j(X, L'^)}, where for any u G 
L^Q,^-|(X, L'^), db^kU is defined in the sense of distribution. We also write 

(2.5) dl, : Bomdl, C ^ ^^^^(X, L'^) ^ Lf.^^^iX, L^) 

to denote the Hilbert space adjoint of db^k in the space with respect to ( | )^£fc. Let 
□["^^ also denote the Gaffney extension of the Kohn Laplacian given by 

^2 DomOg ={s G Ljo,,)(X, L^'); s G Dom^,,, n Dom^,*,, 

db^kU G Dom5ft*fc, dlkU G Domdb,k] , 

and D^^ls = db^kdlkS + dlj.db^kS for s G Dom We notice that is a positive 
self-adjoint operator. For a Borel set i? C M we denote by E[B) the spectral projection 
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of n^f^l corresponding to the set B, where E is the spectral measure of □['^^ (see section 
2 in Davies [6J, for the precise meanings of spectral projection and spectral measure). 
We notice that the spectrum of U^^l is contained in M+. For A > 0, we set 

^b'<xiX,L') := RangeE((-oo, A]) C , 
jr,%^{X,L') := RangeE((A,oo)) C Lf^^.^iX, l"). 
It is well-known (see section 2 in [B]) that for all A > 0, 

(2.8) 4^,)(X, L') = Jn'<xiX, L') © Jn%xiX, L') 
and 

(2.9) Ml. < l(ngw I w),,., w e jq%,ix,L'')f]Domni'^ 



A 

For A = 0, we denote 



k- 



(2.10) ^,''(X,L^) := J^,%{X,L'') = KerOg. 

Now, fix g G {0, 1, . . . , n — 1} and until further notice we assume that Y{q) holds. By 
dH 7.6-7.8], P 5.4.11-12], [3 Props. 8.4.8-9], we know that is hypoelliptic, has 

compact resolvent, the strong Hodge decomposition holds and has a discrete spec- 
trum, each eigenvalues occurs with finite multiplicity and all eigenforms are smooth. 
Hence, for any A > 0, 
(2.11) 

dimJ^-,%,{X,L')<oo, ^,^<,(X,L'=)C^]°'''(X,L'=), J^,\X, L') = H'.iX, L'') . 

Let gj{x) e n°''^(X, L^), j = l,...,dk, dk = dim^'^^(X, L'^), be any orthonormal 
frame for the space M'^''^^{X, L^) with respect to ( • | ■ )^ifc. The Szego kernel function 
^t<\i^) '^^ space M'^^yiX.L^') is given by 

(2.12) U^\^{x):=Y^\g,{x)\l.. 

j=i 

Let 

A ■ n°''?(X,L^) ^ Vl^-\X,L^) 
be a continuous operator. We define 

(2.13) {An^^^^){x) := 5^(A^^,(a;)|(7,(x)),,., 

i=i 

(2.14) {An^%A){x):=J2\Ag,{x)\lk. 

i=i 

It is straightforward to see that the definitions f l2.12p . fl2.13p and f l2.14p are independent 
of the choices of orthonormal frame gj, j = 1, . . . ,dk- 
For g = 0, 1, . . . , n — 1 and x E X, set 

^x,q = {s eR; + 2sC^ has exactly q negative eigenvalues 

and n — 1 — q positive eigenvalues} , 

where is given by f ll.8p and the eigenvalues of the Hermitian quadratic form + 
2sLxi s e M, are calculated with respect to the Hermitian metric (■ | ■). It is not 
difficult to see that if Y{q) holds at each point of X then there is a constant C > 
such that 

(2.16) M^,g C C] for all xEX. 
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Denote by det(M^ + 2sCx) the product of all the eigenvalues of + 2s£^. Assuming 
f l2.16p holds, the function 

(2.17) X — >R, f \det{M^ + 2sC^)\ds 

is well-defined. Since and £^ are continuous functions of x G X, we conclude that 
the function fl2.17p is continuous. 

The following is well-known (see Theorem 1.6 in Hsiao-Marinescu [TU] ) 

Theorem 2.1. Assume that condition Y{q) holds at each point of X. Then for any 
sequence z/^ > with ^ as k ^ oo, there is a constant Cq > independent of k, 
such that 

(2.18) k-nt^l,^^{x)^Co 

for all X G X. Moreover, there is a sequence fik > 0, fJ'k ^ ^ O'S k ^ oo, such that for 
any sequence Uj^ > with lim^^oo 7^ ~ ^ '^'^^ ^'fc as k ^ oo, we have 

(2.19) hm k--n^%,Jx) = (2vr)-" / |det(M^ + 2sC,)\ds, 
for all X & X . 

We introduce some notations. For p G X, we can choose a smooth orthonormal 
frame ei, . . . , e„_i of T*°'^X over a neighborhood U of p. We say that a multiindex 
J = (ji, . . . ,jq) G {1, . . . ,n — 1}'' has length q and write \ J\ = q. We say that J is 
strictly increasing if 1 ^ ji < j2 < ■ ■ ■ < jq ^ n — 1. For J = (ji, . . . ,jq) we define 
ej := A • • • A Cj . Then {cj; \J\ = q, J strictly increasing} is an orthonormal frame 
for AO'^T^X over U. 

For / G n°'''(X, L*^), we may write 



f\u=Yl fj^J ' ^ith /j = {f\ej) G C°^(f/, 
\J\=i 

where means that the summation is performed only over strictly increasing multi- 
indices. We call fj the component of / along ej. It will be clear from the context what 
frame is being used. For g > 0, the extremal function S^^\^ j for the space J^'^<;^(X, L'^) 
along the direction cj is defined by 

(2.20) 4!kj(^)= ^ My)\U , 



where aj denotes the component of a along cj. Let 

A : r]°''?(X,L'=) ^ r]°'5(X,L^) 
be a continuous operator. For \J\ = q, J is strictly increasing, we define 
(2.21) {ASt,{,^jA){y) := sup \{Aa)j{y)\lk , 

where {Aa)j denotes the component of Aa along cj. Similarly, when g = 0, we define 

Sk,<xiy)= sup \a{y)\l^k, 

(2.22) 



{ASt^.^A){y) := sup \{Aa){y)\l,. 



°e<<;,(X,L'=),||a||^^fe=l 



We need the following 
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Lemma 2.2. Fix A > 0. Let A : ilP''^{X, L'') — )■ il^''^{X, L'') be a continuous operator. 
For every local orthonormal frame 

{ej{y)] \ J\ = q, J strictly increasing] 

of A^''^T*X over an open set U G X, we have when q > 0, 

(2.23) iAnl:%A){y) = $^'(A5gA,.^)(2/), 

\J\=q 

for every y E U. 

Similarly, when q = 0, we have 

(2.24) {An!^LA){y) = {AS^^^My), 

for every y E U. 

We remind that Anjfl^^A is given by fl2.14p . 

Proof. Let (/j)j=i,...,dj. be an orthonormal frame for the space M'^^y{X^L^\ Let s be 
a local section of L on f/, |s|^l = e"'*'. On f/, we write 

Af,=s%, g.en'^'^U), j = l,...,4, 

9j = 9j,jej, j = l,...,dk. 

\J\=<i 

On U we write 

(2.25) {Anl:%A){y) = i^^^li^^My) , 

\J\=q 

where 

3 

It is easy to see that [Alllf].^ jA) (y) is independent of the choice of the orthonormal 
frame (/j)j=i,...,dj.. Take a G ^^^y(X^Lh^ of unit norm. Since a is contained in an 

orthonormal base, obviously |(Aa)j(y)|^^fc ^ {AFl^'^},^ jA){y), where {Aa)j denotes the 
component of Aa along cj. Thus, 

(2.26) {AS''^^^^ jA){y) ^ {Anl!^l^ jA){y) , for all strictly increasing J,\J\ = q. 

Fix a point p & U and a strictly increasing multiindex J with \ J\ = q. We may assume 
that E,ti 15^,^(1^)1^0. Put 

u{y) = ( Ej=i \9jAp)f ) • E7=i 9iAp)fj{y) ■ 

We can easily check that u G J^^^yi^X, L^) and H^^H^Lfc = 1. Hence, \{Au)j{p)\'^^j^k ^ 
(^'^fclA,j^)(p)> therefore 

{Ani%,^jA){p) = f;e-<^(^) |5?,,,(p)r = Uu)j{p)\l, ^ iASl^,{,,jA)ip) . 
i=i 

From this and fl2.26p . we conclude that Aajfl^ jA = AS^\^^ jA for all strictly increasing 
multiindices J with \J\ = q. Combining this with f l2.25p . fl2.23p follows. 

The proof of fl2.24p is the same. The lemma follows. □ 
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3. Canonical coordinates of Heisenberg manifolds 

In this work, we need the following beautiful result due to Baouendi-Rothschild- 
Treves p], sectionl] 

Theorem 3.1. We recall that we work with the assumption that {X, T^'^X) is a Heisen- 
berg manifold and we fix a rigid global real vector field T. For every point Xq G X , there 
exists local coordinates x = (xi, . . . , X2n-i) = {^,6) = {zi, . . . , Zn-i, 0), Zj = X2j~i+ix2j, 
j = 1, . . . ,n — 1, 6 = X2n-i, defined in some small neighborhood U of xq such that 

nn d 

T = — , 

(3 1) 

where Zj{x), j = 1, ... ,n — 1, form a basis of T^'^X, for each x E U, and (p{z) G 
C'^{U,R) independent of 6. 

Let X = (xi, . . . , X2n-i) be local coordinates of X defined in some open set in X. In 
this paper, when we write x = (xi, . . . , X2„-i) = {z, 6) we mean that z = (2:1, ... , Zn-i), 

= ^2j-i + ix2j, j = I, . . . ,n — 1, 9 = X2n-i- We call x canonical coordinates if x 
satisfies fl3.ip . 

We also need 

Proposition 3.2. For a given point p E X, we can find cannonical coordinates 
X = (xi, . . . , X2n-i) = {z,6) and local section s, = e"*^, defined in some small 

neighborhood D of p such that 

x{p) = 0, 

(3.2) 9 d — ^ orthonormal frame for Tl'^X, 

n-1 

0) = f3e+Y^ f,^^,z,zt + o{\z\ \e\) + o{\ef) + o(|(^, e)\'), 

where Zi{x), . . . , Zn-i{x) form a basis ofT^'^X varying smoothly with x in a neighbor- 
hood of p, Xi, . . . , Xn-i are the eigenvalues of Cp with respect to {■ \ ■ ) , f3 E M., fij^t G C, 
H,t = lH7j, j,t = l,...,n-l. 

Proof Fix p e X. Let x = (xi, . . . , X2n-i) = ^) = (ii, . . . , in-i, d), Zj = X2j-i + ix2j, 
j = l,...,n — 1, 6 = X2n-i be canonical coordinates of X defined in some small 
neighborhood D of p. We have 

nn d 

(3 3) 

Zj = -— + i—{z)^, j = l,...,n-l, 

dzj dzj do 

where Zj[x), j = 1, ... ,n — 1, form a basis of T~'^X, for each x G -D, and "^(5) G 
C°°{D, R) independent of 0. It is easy to see that we can take x so that x{p) = 0. Near 
p, we write 

n-1 

(3.4) ^(5) = a + ^{ajZj + ajZj) + 0{\z\ 



l2\ 
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where a E C, aj E C, j = 1, . . . ,n — 1. Let z = z, 9 = 9 — J2j=ii'^'^j^j ~ '^'^i^i)- Then, 
{z, 9) form canocical coordinates of X near p and we can check that 

d d 



(3.5) 



dzj dzj ^ d9 
From (ESD, ([33D and (O, we see that 

d 



d9 89' 
d d d 



(3.6) 
where 



T 

89 



d dip d 
dzj dzj 09 



n-l 



0{z) = {p{z) - '^{ajZj + aj%) = a + 0(|z|^). 
i=i 

Thus, . . . , ^ is a basis of T^'^X. By taking some hnear transformation, we can 
take z so that J = 1, . . . , n — 1, is an orthonormal frame for T^'^X and the Levi 
form is diagonal at p with respect to j = 1, . . . , n — 1. We write 



(3.7) (p{z) = a + ^ il3j,tZjZt + jSj^tZj h) + ^ 7j,t%^t + 0(1; 



n— 1 n— 1 

where G C, 7j_t G C, 7j^( = 7^, j, t = 1, . . . , n — L Since the Levi form is diagonal 
at p with respect to j = 1, . . . , n — 1, we can check that 

(3.8) 7j,f = Aj(5j- 1, j, t = 1, . . . , n - 1, 

where Ai, . . . , A„_i are the eigenvalues of with respect to ( ■ | ■ ). Let z = z, 9 = 

9 — Y^ftL\^{.f^j,tijZt — Pj^t^j Zt). Then, {z,9) form canonical coordinates of X near p 
and we can check that 

d__ d_ 
09 ~W 

(3.9) g g . d 

From dSSD, dSZD, dSSD and ([S3]), we can check that 

nn d 
T = — 
89' 

Since j = 1, . . . , n— 1, is an orthonormal frame of we conclude that x = (z, 6') 

satisfies the first three properties in (13.21) . 

I 1 2 At 

Let s be a local section defined in some neighborhood of p, = e""^. Near ]?, we 
write 

n-l 

(3.10) 0(2,^) = c + /3^ + ^(a,,2,+a,z,) + 0(|(z,e)|'), 
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where c G M, /3 G M and aj E C, j = 1, . . . ,n — 1. Let 

n-l 

(3.11) g{z) = eHl + J2ajZj)- 

Then, g{z) is a rigid CR function. We may replace s by gs := 's. We have 

(3.12) ISl'i = e"^ = \gf e"^ = e'^^^lfl-f 
From (13. lip , we can check that 

n-l 



2 log l^f] = c + '^{ttjZj + aj^j) + 0(1 



z\ 



Combining this with f l3.12p and fl3.10p . we conclude that 

^{z,e) = ^e + o{\{z,e)f). 

Near p, we write 

n—l n 

4>{z, e)=(3e+Y^ (cj^tZjZt + c-tZjZt) + Ht^jZt 

+ oi\z\\e\) + om') + oi\{z,e)\'), 

where Cj^t ^ fij^t ^ C, Hj^t = 7^, j, t = 1, . . . , n — 1. Let 

n-l 

(3.14) g^[z) = l+Y Cj,tZjZt. 

j,t=l 

Then, gi{z) is a rigid CR function. We may replace 's by gis := s. We have 

(3.15) \s\Il = e-^ = \gif e"^ = e^^°^^^'^~^. 
From fl3.14p . we can check that 

n-l 

21og|5(i| = "^icj^tZjZt + c~tZjZt) + 0{\z\'^). 
j,t=i 

Combining this with f l3.15p and fl3.13p . we conclude that 

n-l 

<p{z, e) = (3e+Y, f^j,tz,zt + o{\z\ \e\) + o{\ef) + 0{\{z, e)f). 
j,t=i 

The proposition follows. □ 

Proposition 3.3. We assume that X is a generalized torus Heisenberg manifold and 
L is an admissible Heisenberg line bundle over X (see Definition 1.1 4 ^'^^ Defini- 
tion \l.l6\) . Let 4> and 0i be as in the discussion after Definition \1.15\ If M'^ is positive 
on X , then is positive on X . 

Proof Let {WiCWi,...,WN cW'^jhe open sets of X such that X = [jj^^ Wj and 
there exist canonical coordinates on Wj, for each j and there is a constant eo > such 
that for each x E X, $*(x) is well-defined, V|t| < eo, and {$*(x); x E Wj, \t\ < eo} C 
Wj, for each j, where <l>*(x) is the T-fiow. Fix to E [-eo,eo]. Put (j){x) = (j){^^°x). It 

is obviously that (f){x) also define a Hermitian fiber metric on L. By using canonical 
coordinates (13.11) . we can check that 

d{db^ - db4>) {x) = d(db(j) - d(j)) {^'x) , Vx e X. 
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Thus, 

Mf = Mt„(,), VxGX 
Similarly, fix ti E [— eo,eo] and put = = ^(^^o+'ix). We have 

Continuing in this way, we obtain for any t E [0,7o], M^''* ^^^^ = M'^ti^^y Vx E X, 
where 70 is as in Definition 11.141 Thus, 

1 no 

Mp = -j^ M^^^^dt, VxGX. 
The proposition follows. □ 

4. The scaling technique 

In this section we modify the scaling technique developed in [10] in order to prove 
dnSD, ffTTHD and ffTTTll . 

Fix a point p E X. Let x = {xi, . . . , X2n-i) = {z, 6) be canonical coordinates of X 
defined in some small neighborhood D of p and let s be a local section of L on 

I 1 2 //> 

\s\f^L = e"'''. We take x and s so that 
x{p) = 0, 

(4-1) . . jj-^ — is an orthonormal frame for Ti^'^X, 

dzi ' ' dz„^i P ' 

n-1 

^) = /30 + 5^ + o(|;.| 1^1) + 0(1^1') + 0{\{z, e)\'), 
j,t=i 

where Z\{x\ . . . , Zn-\[x) form a basis of T^'^'X varying smoothly with a; in a neigh- 
borhood of p, Ai, . . . , A„_i are the eigenvalues of with respect to ( ■ | ■ ), /3 E M, 
/Xj^fc e C, /ij^i = T^J, j, t = 1, . . . , n — 1. By Proposition 13. 2^ this is always possible. Fix 
g G {0, 1, . . . , n — 1}. In this section, we work on (0, q) forms and we work with this 
local coordinates x = {z,9). 

Let ( I )fc<^ be the inner product on the space ^2°' ''(D) defined as follows: 

(/ I 9)k^ = I {f\9)e-'^dvx, 

J D 

where f,gE n^^^^D). Let dl''"*' : n^^'i+\D) n^^^{D) be the formal adjoint oid^ with 
respect to ( | )k^. Put 

Let u E n°'i{D, L^). Then there exists u E VP^'^^D) such that u = s^u and we have 

(4.2) Uflu = s'utl^u. 

Let Ui{z,0), . . . ,Un-i{z,d) be an orthonormal frame of T'^f'^-^X varying smoothly 
with {z,9) in a neighborhood of p. We take t/i, . . . , so that f/j(0,0) = 
j = 1, . . . , n — 1. Put 

n-1 

(4.3) U,{z,e) = Y,Ht{z,e)Zt, j = l,...,n-l. 



t=l 
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where aj^t ^ j,t = 1, . . . ,n — 1, Zi, . . . , Zn-i are as in (14. ip . Then, we have 

(4.4) a,,t{z,e) = 6,,t + 0i\iz,e)\), j,t = 1, . . . ,n - I. 

Let (ej(2;, 6'))j=i_,,, denote the basis of T*^g^X, dual to (f/j(z,6'))j=i^ ^„_i. If G 

Tf^^X, let {wA)* : A^'^+^T^X ^ A°^'^T*X, g ^ 0, be the adjoint of the left exterior 
multiplication wA : A°^'^T*X A°'«+it;X, u t-> w A m : 

(4.5) {w Au\v) = {u\{wAyv) , 

for all M e A°'1T;X, v G A^'^+^T^X. Notice that (wA)* depends C-anti-linearly on w. 
It is easy to see that 



n—1 n—1 



(4.6) d, = J2 A Uj + J^i^tej) A (e, A) 



and correspondingly 



n—1 n—1 



(4.7) or = E(^^-/\)*f^r + E^^- (^^^^-z^)*' 

where f/_*''^'^ is the formal adjoint of Uj with respect to ( | j = 1, . . . ,?7, — 1. We 
can check that for j = 1, . . . ,n — 1, 

(4.8) U*''"^ = -U, + k{Uj(P) + s,{z, 6), 

where Sj G C°°{D)^ Sj is independent of fc, j = 1, . . . , n — 1. 

For r > 0, let Dr = {x = {z, 6) G R^^-^; \xj\ < r, j = 1, . . . ,2n - 1}. Let be the 
scaling map: Fk{z,9) = (^, |). From now on, we assume that k is large enough so 

that Fk{Diogk) C D. We define the scaled bundle F^A^'iT*X on Diagk to be the bundle 
whose fiber at {z, 6) G -Diogit is 

F*A°'«T(1,)X :={ ^^^^^ajej{^^, f ); a, G C, \J\ = q] . 
We take the Hermitian metric ( ■ | • )f* on F^A^''^T*X so that at each point {z, 6) G 

Dlog k 1 

{^•^(^ ' f) ' l"^! = ^' strictly increasingj , 
is an orthonormal basis for F^A°''^T^* q-^X. For r > 0, let F^Q^''^{Dr) denote the space of 

smooth sections of F*A°''^T*X over Dr. Let F*nQ''^{Dr) be the subspace of F;fi°'«(AO 
whose elements have compact support in Dr. Given / G f2°'''(Ffc(_Diogfc)) we write 
/ = E\j\=Jjej. We define the scaled form F*f G F*f]0'5(Diogfe) by: 

\J\=q 

Let P be a partial differential operator of order one on -Ffc(-Diogfe) with coefficients. 
We write P = a{z, 9)f^+ ^)ir^ a, a, G C~(Ffc(Aogfc)), j = 1, . . . , 2n - 2. 

The partial diffferential operator P(jt) on -Diog/t is given by 

,4.10) P,, ^ v^P;.^ . E - ^"(^ • i) I - E (^ . i) I- ■ 

J=l J " ^=1 " J 

Let / G C°^(Pfc(Aogfc))- We can check that 

(4.11) Pik){Flj) = -^F^iPf). 
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The scaled differential operator db^(^k) '■ -^^^"'^(AogA:) -^^^^'''^^(Aogfc) is given by 
(compare to the formula (14 ■6p for dh): 

n~l z 6 



A 



From (gSD and Km . we can check that if / G ^]°'«(Ffc(Aogfc)), then 
(4.13) d,,(k)F*J = ^F:(d,f). 

Let ( I )kF*!j> be the inner product on the space F^QQ''{D\ogk) defined as follows: 

(/ I 9)kF^<p = I {f\g)F*e-'^^HFi:^){^,0)dv{z)de, 

where dvx = mdv{z)d6 is the volume form, dv{z) = T^^^dxi- ■ ■ dx2n~2- Note that 
m(0,0) = 1. Let S^f^'J : F*fiO'''+i(L)iogfc) ^ Fin^-'i{Dxogk) be the formal adjoint of 

dh,{k) with respect to ( | )kF*<f,- Then, we can check that (compare the formula for 9^'*^"^, 
see g^D and (gS])) 



71—1 ^ ^ 

(4-14) 



(4.15) = —F*M^''f)^ f e ^^°'^-^^(i^.(Aog.)) . 



(4.17) (□Ilr.))^.7 = Ti^.*(nil/). 



where Sj G C°°(i5iogfc), j = l,...,n — 1, are independent of k. We also have 
We define now the scaled Kohn-Laplacian: 

(4.16) := 9*f,t5,,(.) + : F;^^°'''(Aog.) ^ i^fef^°'nAogfc) 

From fHA3|l and fl47[5|) . we see that if / G fi°'«(Ffe(Aogfc)), then 

1 

\k4>,(k)>'- ~ 
From (Oi) . and ( Hi]) , we can check that 

— 9 9 

(4.18) = ^ - ^^i^i^ + ^fc^i.fc ' J = 1> • • • > ^ - 1' 

on Diogk, where is a sequence tending to zero with — )• oo and ^ is a first order 
differential operator and all the derivatives of the coefficients of ^ are uniformly 
bounded in k on Aogfc, j = l,...,n — 1. Similarly, from (14. 3p . (14. 4p and (14. ip . it is 
straightforward to see that 

+ v^F;(f/,0) + i=F;s, 

(4.19) ^ _ ^ _ _ 

= - ^^t^fQQ + ^-^t^t/^ + X^/^i.t^i + ^kVt,k, t = 1, . . . - 1, 
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on -Diogjk, where 6k is a sequence tending to zero with A; — )■ oo and Vt^k is a first order 
differential operator and all the derivatives of the coefficients of Vt^k are uniformly 
bounded in k on Aogfc, t = 1,. . . ,n-l. From flCTj) . fH:T8|l and (^Wf . fOijl . fHA2|l . 
it is straightforward to obtain the following 

Proposition 4.1. W^e /iawe i/iai 




on D\ogk, where Ek is a sequence tending to zero with k — )■ oo, Pk is a second order diffe- 
rential operator and all the derivatives of the coefficients of Pk are uniformly bounded 
in k on Aogfc- 

Let D C Diogk be an open set and let W^p,^{D, F^A'^'iT*X), s G Nq, denote the 
Sobolev space of order s of sections of F^A'^''^T*X over D with respect to the weight 
e~'=^fc<^. The Sobolev norm on this space is given by 

(4.20) MIf*^,s,d= E' / \d>jfe-'^^'f{F:m){z,e)dv{z)de, 

\J\=q 

where u = ^ijej(-^, f ) G W^p*^{D, F^A^''^T*X) and m is the volume form. 

If s = 0, we write IHIfcp'*^^, to denote IMIfci;'*(^oD- '^^^ following is well-known (see 
Proposition 2.4 and Lemma 2.6 in [TO] ) 

Proposition 4.2. Assume that Y{q) holds at each point of X . For every r > with 
C -Diogfc and s e Nq, there are constants Cr^s > 0, > 0, Cr^s and Cr are 
independent of k, such that 

(4.21) \\u\\l,,,,^,^n. < lk||L.,,z.,,. + ||nil(,)HlL,v,.,D..) ' « e ^.*^°"^(Aog.) 

and 
(4.22) 

n 

sup \U{X)\' ^ a( + E ' « e ^.*^°'^(Aog.) . 

We pause and introduce some notations. We identify R^"~^ with the Heisenberg 
group Hn := C""^ x M. We also write {z, 9) to denote the coordinates of z = 
{zi, . . . , Zn-i) G C"^\ Zj = X2j-i + ix2j, j = 1, . . . , n — 1, and 6* G M. Then 

{f^j,^^n , Uj^H„ , T = ^ ; J = 1, . . . , n - l| 
are orthonormal bases for the bundles T^'^Hn and CTHn respectively. Then 

n-l 

, (izj , Uq = —dO + ''^^{iXjZjdZj — iXjZjdzj) ; j = 1, . . . , n — l| 

i=i 

is the basis of CT*if„ which is dual to {Uj^H„, Uj^H„, —T;j = 1, . . . ,n — 1}. We take 
the Hermitian metric ( ■ | ■ ) on A°''?T*if„ such that {dlj; \J\ = q, J strictly increasing} 
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is an orthonormal basis of A'^''^T*H„. The Cauchy-Riemann operator df,^Hn -^n is 
given by 

n-l 

(4.23) dh,H„ = ^ ^i.^^" • ^°''(^-) ^ ^"''""'(^n). 



Put (j)o{z, 6) = (36 + YJj^t=i l^j,tZj^t e C'^{Hn, M), where (3 and /i^- j, t = 1, . . . , n - 1, 
are as in (14.11) . Note that 

(4.24) sup \kFj^(f) - 0o| 0, as /c cx). 

(2,e)eAogfc 

Let ( I )(^o be the inner product on r2Q^(i7„) defined as follows: 



where dv{z) = T'-^dxidx2 ■ ■■dx2n-2- Let distil ■ f^°'^+^(/^n) ^ ^^°'^(i^n) be the formal 
adjoint of db,H„ with respect to ( | )(^(,. We have 



n-l 



(4.25) 
where 
(4.26) 



t=i 



n-l 



The Kohn-Laplacian on Hn is given by 

(4.27) nil = AnXt + XtAn^ ■ ^'^'(H^) ^ fi°'^(i^„) . 

From fOajl . K25\\ and f lOHjl . we can check that 



□ 



(<?) 

bMr, 

n-l 



n-l 



(4.28) 



n— 1 



n-l 



•9 .,_^V^ 

t=i 



_d__ d_ 



d_ 

mi 



+ dzj A ((iz(A)* yfJ'j,t + "^^3^3,1^1 ~ 2^Aj5j^( 
Now, we can prove 

Proposition 4.3. Assume that Y{q) holds at each point of X . For each k, let € 
F^Q'^''^{Diogk) ■ We assume that WctkH^p*^ j:,^ k ^^^^ ^' ^^'^ there is a sequence 

> 0, ^ as k ^ oo, such that for each k, 

kF*(j),Diagk 

Identify ak with a form on Hn by extending it with zero and write 

\J\=<i 

Then there is a subsequence {cukj} of {ak} such that for each strictly increasing mul- 
tiindex J, \J\ = q, cxk.,j converges uniformly with all its derivatives on any compact 



Vk'k' 
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subset of Hn to a smooth function aj. Furthermore, if we put a = Yl'\j\=q'^jd'^J' then 



Proof. From f l4.2ip and using induction, we get for any r > and for every s G No, 
there is a constant Cr^s > independent of k, such that 



ll«fc|lfcF-<A,s+l,D,. ^ Cr,s(^\\ak\\lF*^^r)2r + ||(°S<^,(fc))"'«fc kF*<t>D2 ) 

(4.29) oo 

<c,,,(i + ^i/r)<c^r,. 



m=l 



for k large, where Cr.s > is independent of k. Fix a strictly increasing multiindex J, 
\J\ = q, and r > 0. Combining f l4.29p with Rellich 's compactness theorem |[13l p. 281], 
we conclude that there is a subsequence of {akj}, which converges in all Sobolev spaces 
W^{Dr) for s > 0. From the Sobolev embedding theorem [131 p. 170], we see that the 
sequence converges in all C\Dr), I ^ 0, I E Z, locally unformly. Choosing a diagonal 
sequence, with respect to a sequence of Dr exhausting Hn, we get a subsequence {«fc^,j} 
of such that a^^j converges uniformly with all derivatives on any compact subset 

of Hn to a smooth function aj. 

Let J' be another strictly increasing multiindex, \J'\ = q. We can repeat the pro- 
cedure above and get a subsequce {«fc^^,j'} of {afc^^j'} such that converges 
uniformly with all derivatives on any compact subset of Hn to a smooth function a jr. 
Continuing in this way, we get the first statement of the proposition. 

Now, we prove the second statement of the proposition. Let P = (pi, . . . ,Pq), R = 
(ri, . . . ,rg) be multiindices, \P\ = \R\ = q. Define 

{0, if ^ {ri,...,rj, 

f P \ 
the sign of permutation ( ^ 1 ^ if {Pi^ ■ ■ ■ iPg} = {^i; ■ ■ ■ ? ^q}- 

For j,t = 1, . . . ,n — 1, define 



jtp _ J 0, if dzj A {dztA)*{dz^) = 0, 

e% if dzj A {dztAYidz^) = dz'^, \Q\ = q. 



We may assume that a^^j converges uniformly with all derivatives on any compact 
subset of Hn to a smooth function aj, for all strictly increasing J, | J| = q. As (14.291) . 
we have for any r > and for every s G Nq, there is a constant Cr^s > independent 
of k, such that 

(4.30) 



kF*4>,s+l,Dr 

oo 

< Cr,s ^ ~^ ^ as A; OO. 



m=l 



m=l 



Put 



\J\=i 

Combining (I4.30p with Sobolev embedding theorem [T3l p. 170], we conclude that 
(4.31) 

f3k,j converges uniformly with all derivatives on any compact subset of Hn to zero, 
for all strictly increasing J, | J| = q. 
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From the explicit formula of □['^^^ ^^^^ (see Proposition 14. ip . it is not difficult to see 



that for all strictly increasing J, \J\ = q, we have 



n— 1 



(4.32) j=i 



jtp 
J 



\p\=i, 

1^ j,t^^n-l 



d 



OLk,P 



on -Diogjt, where is a sequence tending to zero with — )■ oo , Pkj is a second order 
differential operator and all the derivatives of the coefficients of Pk^j are uniformly 
bounded in k on Z^iogfc and (3k j is as in fl4.3ip . By letting — )■ oo in f l4.32p we get 

n-l 



(4.33) j2u;:Zu,,H„aj = - J2 



jtP 



\P\='i, 

1 ^ j ,t^n-l 



d 1 



on for all strictly increasing J, | J| = q. From this and the explicit formula of 

(see fl4.28p ). we conclude that V^^\jx = 0. The proposition follows. □ 

5. The operators q'-^j j^ and Q^.fc 

From now on, we assume that {L, h^) is a semi-positive rigid Heisenberg line bundle 
over X, positive at some point of X and conditions 1^(0) and Y{1) hold at each point 
of X. 

Take 5o > be a small constant so that 



(5.1) 



+ 2sC^ > 0, V |s| < (5o, Vx e X 



Take ipirj) e C^{] - 6o,6o[,R+) so that ^{r]) = 1 if -f < r/ < f . Let V'(t) 
J e~^^^ip{ri)dri be the Fourier transform of ip. Put 



(5.2) Co:=supt2 
Let > be a small constant so that 



(5.3) 



^E^dvx{x)j2{27T)- I det{M^ + 2^C^)l^^^,{0d^)dvx{x) 



< 



{2n 



,1-n 



4 ./X 



m det{Mi + 2^C,)l^^^,{0dCldvx{x). 



Fix M > be a large constant so that 
2Co 



(5.4) 

and 
(5.5) 



M 



(2 



< 



(27r 



,1-n 



det(M,* + 2^C,)l^^^,{0dqdvx{x) 
iPiO det{Mt + 2^C,)l.,{0d^)dvx{x) 



2Co 
M 



(2vr) 



\det{Mt + 2^C,)\luJ0da' < 



E 



Vx G X, 



where Im.JO = 1 if ^ e M.,i, 1m,,,(0 = if ^ ^ M,,i. Take x(t) e C^i] - 2,2[,1+) 
so that < x{t) < 1 and x{t) = 1 if -1 < t < 1 and x{-t) = x{t), for all t G M. Put 

(5.6) XM(t) := X(^). 
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As before, let be the T-flow. The operator Q^^f. is a continuous operator 

L'') C"^(X, L^') defined as follows. Let u G C°°(X, L^). Let D ^ D' ^ X be 
open sets of X and let s be a local section of L on D', |s|^l = e~'^. On D', we write 
?i = s'^u, u e C^{D'). Then, 

(5-7) :=s'=et<^(") [ e-'''^ij{r])xM{t)e-^'l'^''^'^''K{^Hx))dtdr] on D. 



We first notice that for large, is well-defined for all t G SuppxM, every 

X E X and $fe(a;) G Z^' for all t G SuppxM, every x E D. We may assume that <l>fe(x) 
is well-defined for all t G SuppxM, every x G X and G -D' for all t G SuppxAf, 

every x E D. Now we check that the definition above is independent of the choice of 
local sections. Let s be another local section of L on D', = e~^. Then, we have 
s = gs for some non-zero rigid CR function g. We can check that 

(/) = (j) - 2\og\g\ , 
= e-^'^\g\ . 

Let u G C°°(X, L'^). On D, we write u = s^u = s^u. We have 

(5.9) u = g~^u. 
From (15. 8 p and (15. 9p . we can check that 

(5.10) e-'^h = e--^^ \gt g-^'u. 

Since T^f = 0, we have {\g^ g~^){(^'kx) = (Igf g~''){x) for all t G SuppxM; x E D. 
From this observation and (I5.10p . it is easy to see that 



e"'*''V'(^)XM(t)e-2'^(*^(-))M($^(x))(itrfr/ 

= {\g\'' g-''){x) /e-'*''7/'(r/)xM(t)e-^^(*^("))M($^(x))dtdr/ on D. 



(5.11) 



Furthermore, we can check that 

Combining this with (15. lip , we obtain 

s^eUi-) J e-'*Xr/)xM(t)e-^'^(**("))M($^(x))rftdr/ 

^^fcgf0(x) y"e-*'?^(ry)xM(t)e-t<^(*^("))M($^(x))c/tdr/ on 

Thus, the definition of Q^^k well-defined. 

We consider (0, 1) forms. The operator Q^^k ^ continuous operator f2°'^(X, L^) — )• 
f2°'^(X, L^) defined as follows. Let D be an open set of X. We assume that there exist 
canonical coordinates x defined in some neighborhood W of D and L is trivial on W. 
Let ipi^T]) and xm be as in (15. 7p . For k large, we have 



|$^(a;) eW;'ix E D,t e SuppxA/j • 
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Let s be a local section of L on W, = e Let x = (xi, . . . ,X2n-i) = {z,0) be 
canonical coordinates on W. Then, 

T = — 
d9 ' 

where Zj{x), j = 1, ... ,n — 1, form a basis of T^'^X, for each x E D, and ^p{z) G 
C°°(D,M) independent of 6. We can check that dzj, j = 1, ... ,n — 1, is the basis of 
T*^'^X, dual to Zj, j = 1, . . . , n - 1. Let u G r]°'^(X, L'^). On W, we write 

n-l 

M = s'''^Uj{x)dzj, Uj e C^i^D), j = 1, . . . ,n - 1. 

,7 = 1 

Then, 
(5.13) 



n-l 

k 



As before, we can show that the definition fl5.13p is independent of the choices of 
local sections. Now we check that the definition f lS.lSp is independent of the choice 
of canonical coordinates. Let y = {yi, . . . ,y2n-i) = wj = y2j-i + iy2j, j = 

1, . . . , n — 1, 7 = 2/2n-i, be another canonicl coordinates on W. Then, 

T = — 

(5-14) \ o~ o 

where Zj{y), j = 1, ... ,n — 1, form a basis of Tj'^X, for each y E D, and ^p{w) G 
C°°(i5,M) independent of 7. From fl5.14l) and (15.121) . it is not difficult to see that on 
W , we have 

(5.15) 

w = («;i, . . . , Wn-i) = {H^{z),..., Hn^r{z)) = H{z), Hj{z)eC'^, j = l,...,n- 1, 

^ = + G{z), G(2)gC°", 

where for each j = 1, . . . , n — 1, Hj{z) is holomorphic. From (I5.15p . we can check that 

(5.16) dwj = ^{—^)dzi, j = l,...,n-l. 

1=1 

From this observation, we have for u G Q^'^{X, L'^), 

n— 1 n— 1 

s'^ Uj{x)dzj = s'^ Uj{y)dwj on W, 

(5.17) 



n-l 



M,(x) = 5^%(i7(^), ^ + G'(;2))^(z), / = 1, . . . , n - 1. 



On /}, we have <l>i(x) = (z, ^ + 0), <^Hy) = («7, | + 7) and 5(<f^(^)) = ^{z), 
j,l = l,...,n — 1, t G SuppxAf- From this observation and fl5.17p . f l5.16p . it is 
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straightforward to see that 



n-l 



1=1 



ui{^k(^x))dtdr])dzi 



Thus, the definition f l5.13p is independent of the choice of canonical coordinates. The 
operator Q^^jf. is well-defined. 
Now, we claim that 



(5.18) 



){0) 



We work with canonical coordinates x = {z,6) as f l5.12p . For u G C°°{X,L^), we can 
check that 



n-l 



(5.19) 



on W, where u = s^u on W . Combining f l5.19p with fl5.13p . (15. 7p and notice that 
||($*(x)) = ^(u($*(a;))), it is easy to see that 



(5.20) 

)(i) ^ 



k I, k 



n-l 



'=et<^W^( / e-**V(^)XM(i)e~^'^^*'^"^^^i(0(x) -0($^(x)))M(<l'^(x))rftrfr7)rfz,-. 



Since dhTcj) = 0, we have Zj(j){x) = Zj(f){^k (x)), j = 1, . . . , n — 1, t G Supp xm- From 
this and (ICTj) . (ICTj) follows. 

6. The asymptotic behaviour of (Qflk^li^kuk^i^) 

We will use the same notations as before. We recall that we work with the assumption 
that Y{0) and 1^(1) hold at each point of X. We first need 

Theorem 6.1. For any sequence z/^ > with Uk ^ as k ^ oo, there is a constant 
C > independent of k, such that 



(6.1) 

and 
(6.2) 



M,k k,^kuk^ M,k'^ ) 



^ Ck"", 



for all X G X fc > 0. We remind that (Qflkn^^lkuji^) ^^^d {QM,knl%kv^QM,k)i^) o'^e 
given by fl2.13p and fl2.14p respectively. 

Proof. Let z/^ > be any sequence with z/^ — as — j- oo. Let fj G C°°{X,L^), 
j = 1, . . . , (ifc, be an orthonormal frame for ^b!<kuS-^' -^^^m (I2.24p . we see that 
for each x G X, 
(6.3) 



(Qif'!fc-^i,<fci/fc*5M,fc)(^) ~ \ iQM,kfj)i 



X] 
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In view of fl2.18p . we see that there is a constant C > independent of k such that 



(6.4) 



i7^°) (x) 



J2\fA^)\l'=<Ck'', VxGX 



FoTaeJi-'{X,L'), \\a 



1, we have 



(6.5) 



\a{x)\lLk < IJf 



(0) 



fx) < Cfc", Vx G X, 



l/jLK — ^-'k,<kuk^ 

where C > is a constant independent of k and a. From (16.51) and (15. 7p . it is easy to 
see that there is a constant Ci > independent of k such that 

2 



(6.6) 



(q£>)(x) ,<CiP, VxgX, VaG<<,,^(X,L^ 



From dSSD and ([S3D, dSH) follows. 

We have 



iQA'lk'^k,<kuk)i^) 



(6.7) 



From ([62D, ([63D, (B and dnH), follows. 



□ 



Fix a point p G X. Let x = (xi, . . . , X2n-i) = {z, 0) be canonical coordinates of X 
defined in some small neighborhood D of p and let s be a local section of L on D, 
|s|^L = e~'^. We take x and s so that (14.11) hold. Until further notice, we work with 
the local coordinates x and the local section s and we will use the same notations as 
section 4. We identify D with some open set in C"^^ x R. Put 

(6.8) 

u{z, 9) = {2Tr)-^{ I det(Mp* + 2s£p)ds)"^ 



p,0 



X j e^^5+f +(-5+^/3) E"r,^A,|.,f ^^^^^1 ^ 2e£p)lR„o(0^e e C°°(C"-i 

We remind that Mp^o is given by (I2.15p . Set 

^fk ^ 



X 



(6.9) 



ak = k^s xi(i r-^^' 



' log /c log k 

where Xi e < Xi < 1, 

Suppxi C {{z,e) G C"-i X 



e)u{Vkz,ke) G Co"^(d,l'=) 
kl<i,l^l<i}, 



1 if 1^1 < i 1^1 < i. We notice that 



Supp ctfc C < {z, 9) G C 



-<n— 1 



_ , , logfc logfc 



y/k Vk 

Thus, for k large, Supp E D and is well-defined. The following is well-known 
(see section 5 in [lOj ) 

Proposition 6.2. With the notations used above, we have 

(6.10) lim A;-" |afc(0)|J^fc = (27r)-" / det(M„^ + 2sCp)ds, 

(6.11) 



lim ||afc|ki,fe 

fc^oo 
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(6.12) 



lim 



0, Vm e N, 



and there is a sequence 7^ > 0, independent of the point p and tending to zero as 
k — )■ 00, such that 

(6.13) il^'Cl^k I ak),^,, < 7fc, VA; > 0. 

We have the following 

Proposition 6.3. Let > be any sequence with limfc_j.oo ^ ~ ^'^'^ z/^ — )■ as 
k —7- 00, where •jk is as in fl6.13p . Let ak be as in (16.91) . Let 



(6.14) 

Then, 
(6.15) 

and 

(6.16) 



lim llai 



lim A;-" 4(0) 

fc— ^-oo 



(2vr) 



det(ikrf + 2s£p)rfs. 



p,0 



Moreover, on D, we put 



(6.17) a^ = A;^//3,^ G C°^(D). 

Fix r > 0. r/ien, /or ever?/ e > 0, there is a ko > such that for all k > ko, we have 
Fk{D2r) C D and 



(6.18) 

In particular, 
(6.19) 



<e, y{z,e)e Dr- 



um 

fc— ^-oo 



0, \/iz,9) e D. 



Proof. From (12. 9p . we have 



\a 



.2||2 



(0)^2 



1 

kuk 



{^bW I ak) 



^ — ^ 0, 



as A; — )■ 00. Thus, limfc_^oo llctfcll/ji,''- = 0. Since lla^ll^ifc — )■ 1 as A; — > 00, (I6.15P follows. 

Now, we prove fl6A8|l . As flHTTD . on we write = s'^k^jSl, Pi e C°°(L)). From 
fl4.22p . we know that 



(6.20) 



sup \Fl(3j,{z, 



sup 

{z,e)eDr 



n 

<a(||F;AllL;,,o,, + E||(°i' 



(g) 



m=l 



2 

kF*<l,,D2r 



where Cr > is independent of k. Now, we have 



(6.21) 



^ 0, as A; — )■ 00. 



Moreover, from fl4.17p . it is easy to can check that for all m G N, 
(6.22) 



(□ 



(9) \m rp* o2 
bM,{k)> ^kPk 



kF*<j>,D2r 



'ImWw 2 
^k^b,k) "fc 



^k^b,k> "fc 



— > as A; — )■ 00. 



Here we used (EH. Combining flCTjl with flCT]l and ([SSI, (ES]) follows. 
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From fl6.18p . we deduce 



lim F^Ptm 



(6.23) 

From this and fl6J0|) . f lOHj) follows. 

Now, we can prove 



lim 1/32(0)1^ = lim A;-"|a^(o)|;,, =0. 

fe— s>oo fc— s>oo " 



□ 



Theorem 6.4. Let 6^ = min{/ifc,7fc}, where fi^ is as in Theorem \2.1\ and 7^ is as in 
(I6.13p . Let > be any sequence with lim^^oo ^ — ^ ^'^^ ^'fc — ^ as k ^ 00. Then, 



(6.24) 



limfc-"(Q£^,i7i°),,J(a;) 



= (27r 



e**^^(t)XAf(t) det(Mi' + 2^C^)l^^^,{0dtd^ 



for all X G X , where ipirf) is as in the discussion after (15. ip and XM(t) is given by 
(15.61) . ipit) = J e~''*''^ip{vi)drj. We remind that Supp Ra;,i = 0, for every x E X. 



Proof. Let > be any sequence with limfc_^c 



and i/fc — )■ as A; — 00. Fix a 



point p e X. Let x = (xi, . . . , X2n-i) = (-2, ^) be canonical coordinates of X defined in 
some small neighborhood D of p and let s be a local section of L on D, |s|^l = e"*^. As 
before we take x and s so that (14. ip hold and let G <^°<^j^^(X, L^) be as in (I6.14p . 
We take 



fk '■- 



at 



' J ki ■ ■ ■ 1 J k 



.I'^kWhL" 

be an orthonormal frame for ^'^^^^^^^{X , L^) . From (I6.15p . (16.160 and (12.190 . we con- 
clude that 



(6.25) 
Thus, 

(6.26) 

Now, 

(6.27) 



k-^oo 



dk 

lim A:-" ^1/^ (0) 

i=2 



det{M^ + 2sCp)ds. 



p,0 



,2 



0. 



M,k^^k,<kuk' 



dk 



From (16. ip and (I6.26p . we have 

Y.^{Q^lfk)mm),.^ 



lim A;-" 

A;— >oo 



(6.28) 



i=2 



< lim A;-" 



\1 



El«iVl)(o) 



E 1/^(0) 

i=2 



— i- 0, as A; — !■ 00. 



Combining (I6.28P with (I6.27p . we conclude that 

(6.29) lim A;-"(q£>(1J(0) = lim {{Q^^IjD {0)1 f 1(0)), ,k 



fc— ^-oo 



Let al be as in (KIM . From (ETTSj) and the definition of QMfc(see (jSZD) , it is not 
difficult to see that 



(6.30) 



hm A;-"((Q£),«^)(0)|a^(0)),,. =0. 

k^oo 
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Combining fl6.30p with fl6.29p and f l6.15p . we deduce 

(6.31) lim k--{Qf!,n!:%J{0) = lim fc-"((gg,a,)(0)|a,(0)),,., 

where is as in (I6.9p . On D, we put 

(6.32) Q£!fc«fc = Afc, QkeC^iD). 

By the definitions of Q^^k ^^'^ ttfc(see (15. 7p and (I6.9p ). we can check that 
(6.33) 

gfc(O) = A;t(27r)^5 ( [ det{M^ + 2sCp)dsy^' 



X / e-*''^(r7)xM(t)e-^*(°'^)xi(0, 



y/k log k 



)e^*«-*-i*lM„o(0 det(Mp* + 2^Cp)d^dtdr]. 



We notice that |0(O, I) = |t + eA;(t), where efc(t) — as A; — t- oo, uniformly on Supp xm 
and Xi(0, ^[^^^ ) — )■ 1 as — )■ oo, uniformly on SuppxM- Combining this observation 
with (I6.33p . (16. 9p and (16. Sp . we can check that 

hm k-^iQfl,a,m\MO)),L^ 

fe— s>oo ' 



lim k 2g^(0)u(0, 0)e^ 



(6.34) 



fc— ^-oo 

(27r 



V^(r/)XM(t)lR„o(0 det(Mp^ + 2iCp)didtdr^ 



= (27r)-"y e**«V'WXM(t)V,o(Odet(Mp^ + 2e>Cp)« 
where V'(t) := / e-'^'^ijj{r])dr], u is as in ([S3]). From fl^TMl) and fICTD . flg:^ follows. 



We get Theorem 16.41 
We need 



□ 



Theorem 6.5. Let 6k > 0, 5^ — )■ 0, as k ^ oo, be as in Theorem 6.4 and let z/jt > 6e 
that for all k > ko. 



any sequence with hmfc^oo — = and z/^ — as k ^ oc. Then there is a ko > such 



(6.35) 



(Q'ilknl^LMdvxix) 



X 



> ^(27r)i-"^( j m det{Mt + 2^C,)l^^^,{0d^yvxi 
Proof. For each x G X, put 



x). 



(6.36) 



C{x) := (27r)- 



n / it^ 



mXMit) detiMi + 2^C^)UJ0d^dt. 



From (16. 2p . (I6.24p and the Lebesgue dominated Theorem, we conclude that 
iQ^M]knl:%ku,)i^)dvx{x) = k- [ C{x)dvx{x)+o{k") 



X 



and hence 
(6.37) 



{Qflkn^lku,)Wvx{x) 



X 



> A;" 
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We first claim that for eacli x G X, C{x) is real. We notice that ijj{t) = ilj{—t) and 
Xm(^) = Xm(— From this observation, we can check that 



C{x) = (27r)-"y e-''^mXM{t)det{Mt + 2^C,)t^^^,{0d^dt 

= (27r)-"y" e-''^{-t)xM{-t) det{Mt + 2^C,)U^ ,{0d^dt 
= (27r)-" [ e''^{t)xM{t)det{Mt + 2^C,)l^^^,{0d^dt = C{x). 



Thus, C{x) is real. 

Now, we claim that fj^C{x)dvx{x) is positive and 

(6.38) [ C{x)dvx{x) > ^(27r)i-" [ ( [ det{Mt + 2CC,)lu^ ,{0d^)dvx{x). 
We have 



X 



X 



(6.39) 



C(x) = (27r)-"y e''^mdetiM^ + 2^C^)U^^„iOd^dt 

+ (27r)-" [ e''^{t){xM{t)-l)det{Mt + 2^C,)luJ0d^dt 



(2n 



mdet{M^ + 2^C,)l^J0d^ 



+ (27r)-" / e^'^mixMit) - 1) det(M,^ + 2^C,)t.,{0d^dt. 



Here we used Fourier's inversion formula. Since < xm < 1 and xm = 1 if — M <t< 
M, we have 

" 3**«^(t)(XM(t) - 1) det(Mi' + 2^C,)l.,{0d^dt 



(6.40) 



\t\>M 



^''^miXAiit) - 1) det(M,^ + 2^C,)l^^^,{0d^dt 



< 



< 



\t\>M 



dt 



dei{Mt + 2iC,)l^^^,{i)di 



2Co 
M 



det(M,^ + 2e£.)lM.,o(Oc?e, 



where Cq = sup^gj^t^ ■ip{t) . Combining fl6.40p with (16. 39 p . we get 

C{x) > (27r)i-"y" ^(0 det(M,^ + 2e£.)lM.,o(Orfe 
2Co, 



M 



■{271)-- J det(M,^ + 2e£.)lR,,o(Oc^e 



Combining this with (15. 4p . (I6.38P follows. 
From flOH]) and fl6^ . we obtain flOS]) . 



□ 



7. The asymptotic behaviour of {QM,kni%,,QM,k){x) 

We will use the same notations as before. Fix p G X. Let x = (xi, . . . , X2n-i) = {z, 6) 
be canonical coordinates of X defined in some small neighborhood D of p and let s 
be a local section of L on D, = e""^. We take x and s so that (14. ip hold. 

Until further notice, we work with the local coordinates x and the local section s. 
We also write t to denote the coordinate 9. We identify D with some open set in 
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Hn = C" X M. Let z/fc > be any sequence with z/^ — )■ as A; — > oo. We are going to 

estimate \im^nY)k^oo^^^'{Q''M,knk^)ikukQ''M^k){p)- For the convenience of the reader we 
recall some notations we used before. Let ej(z, ^^), j = 1, . . . , — 1, denote the basis of 
T*{o,i)x, dual to Uj{z, 6*), j = 1, . . . , - 1, where Uj, j = 1, . . . ,n - 1, are as in fO]) . 
For / G n^'^iX, L^), we write / = /,e,, /, G C-(X, L'^), j = 1, . . . , n - 1. We 

call fj the component of / along Cj. As (12.211) . for j = 1, . . . , n — 1, we define 

(7.1) {Q^WL.,,icK)iy) := sup 



hi'' 



where {Q^Mk^)3 denotes the component of Q^k^ along cj. From fl2.23p . we know that 

n-l 

(7.2) [qZKIuMIm = Y^^QmAmQZm^ e D. 

We consider Let ipirj) be as in the discussion after (15. ip and let Xuit) be as in 
(15. 6p . The operator Q^m h„ ^ continuous operator Vt^'^{Hn) — )■ defined as 

follows. Let u G We write u = Ujdzj, Uj G C°°{Hn), j = 1, . . . ,n — 1. 

Then, 

n— 1 „ 

iQM,H„^)i^,0) = J2i e-''''^{v)xM{t)e-^^'~''^u,{z,t + e)dtd7^)dzj 

(7.3) i=i 

e-**''V'(r/)xM(t)e-2(*+^)u(z,t + e)rftdr7. 
We remind that (3 is as in (I4.ip . For j = 1, . . . , n — 1, put (Compare (17. ip ) 



QShJ(o) 

(7.4) r 2 ^ 

= sup I (gSH„«).(0) ; « G ^^°''(i^„), = 0, = l| , 

where {QM,H„a){x) = Y.]Zl{QM,H„a)j{x)dzj, {QM,H„Oi)j ^ C°°{Hn), j = 1, . . . ,n - 1, 
and 

,|a.|i:„^/|a.(..«)re-<-W.M.. ^ .. ....... 

We recall that 00 is as in the discussion after (I4.23p . We first need 
Theorem 7.1. We have 

n-l 



limsupA:-"(QW,i7(^),,^gg,)(0) ^ 5^(ggH„41^M,Hj(0)- 
Proof. Fix j G {1, 2, . . . , n — 1}. We claim that 



(7.5) hmsup /^-"(Qg,5£,.„,Qg,)(0) ^ {QHhAIQ^UM- 

k—>-oo 



The definition ^ of (Q2,4;ifc.,,,Qi/!j(0) yields a sequence a,^ G =^4^,.,^ (X, L'^^), 
ki < k2 < . ■ ■ , such that HctfcJI^Lfcs = 1 and 

(7.6) hm kj- iQ^lakJM ' = limsup ^-"(gg.si;) ,,^,^.Qg;)(0) , 



s— >oo 



where (QVfc^afcJj is the component of QjJk^Cik^ along e^. On we write 



32 



Chin-Yu Hsiao, April 20, 2012 



Existence of CR sections 



and on , Put 



We recall that is the scaling map given by fl4.9l) . It is not difficult to see that 



\lks 



\ksF* 6,D, 



^ 1. 



Moreover, from (14.171) and (14. 2p . it is straightforward to see that 

1 



< 



<Uk, VmeN. 



Proposition l4.3l vields a subsequence {^k^^ } of {7*;^} such that for each t E {1, 2, . . . , n — 1}, 
lks^,t converges uniformly with all derivatives on any compact subset of Hn to a 
smooth function 74, where 7fc^^,t denotes the component of ^ks^ along ei(^, ^ ). Set 

7 = YTt^lltdZf Then we have □i^]^^7 = and, by (|4.24|), ||7||_^^ ^ 1. Thus, 

(QSh„7),(0) 



(7.7) 
where 



(QffiH„7),(0) 



2 

</>0 



n-1 



We claim that 
(7.8) 

We write 



t=i 



lim A;^ 



(1) 



n— 1 n— 1 

j=l j=l 

Since = dzt + 0{\{z,9)\, t = 1, . . . , n — 1, we conclude that for alH = 1, . . . , n — 1, 

n 22: 

(7-9) lim ks^^Fl au^^^t = lim ksj Fl ak^^^t = It- 

Moreover, from the definition of Q^f ^ (see (I5.13P ). it is easy to see that 



(7.10) (gg. «..j,(o) 



Combining fl7:T0|l with ([72]), (OD and notice that -|(F;*0)(O, t) ^ -ft, as A; ^ 00, 
uniformly on SuppxAf, (17.81) follows. The claim (17. 5p follows from (17. 6p . (17. 7p and 
(17. 8p . Finally, (17. 5p and (17. 2p imply the conclusion of the theorem. □ 



In order to estimate Y^^=iiQ^M Hn^j^H„Q^^ H„)i^)^ need the some preparation. 
Put 

n-l 

(7.11) ^0=5]] l^j,t'^j^t^ 

j,t=i 

where fij^t, j,t = I, ■ ■ ■ ,n — 1, are as in (14. ip . Note that 

For g = 0, 1, . . . , n — 1, we denote by L'^^^^^^Hn, $0) the completion of i7Q'(i/„) with 
respect to the norm || ■ where 



I \u\^e-^°dv{z)de, uenf'^\Hn) 

J Hn 
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Let u{z,e) e n^'^{Hn) with = 1 and Dh,Hr,u = 0. Put v{z,9) = u{z,e)e-2^ 

We have 

\v{z,9)fe-'^'>^'Uv{z)de = l. 



Hn 



Choose x{d) e C~(M) so that x(^) = 1 when |0| < 1 and x(^) = when \9\ > 2 and 
set Xj{0) = xiO/j),j eN. Let 



(7.12) v,{z,r^)= v{z,e)xAO)e-''''deeQ''\Hn), J = 1,2,.... 

Jr 

From Parseval's formula, we have 

\vj{z, rf) — Vt{z, r])f e~'^°^^^dridv{z) 

= 2n f \viz,e)\'\x,i9)-Xtm'e-'''^'^dedviz)^0, j,t ^ oo. 

J Hn 

Thus, there is v{z, rf) G L^g i){Hn, $o) such that Vj{z, rj) — )■ v{z, rf) in L^^ i){Hn, $o)- We 
have 



(7.13) j \v{z,ri)f e-'^°^'^dv{z)dri = 271. 

We call v{z,r]) the Fourier transform of v{z,6) with respect to 6. Formally, 

(7.14) v{z,ri) = [ e-'^''v{z,e)d9. 



The following theorem is one of the main technique results in ^Oj (see section 3 
in [in], for the proof) 

Theorem 7.2. With the notations used above. Letu{z,6) G Q^'^{Hn) with \\u\\^^ = 1, 

D^f^lj^u = and let v{z, rj) G L^g i)(-f^n, '^'o) be the Fourier transform ofu{z, 6)e~^^ with 
respect to 6 (see the discussion before (17.141) ). Then, for almost all rj E M, we have 
v{z,ri) is smooth with respect to z and J^n-i \v{z,ri)f e~'^°^^^dv{z) < oo and 



(7.15) 



\v{z,r])f 



< (27r)-"+ie*«(^)lM^,,(r/) \detiM} + 2rjLp)\ / \v{w,7])\'' e-^'^^^Uviw) 

for all z eC''-\ 
Now, we can prove 

Proposition 7.3. Let u{z, 6) G ^^°'H^n) With = 1, n^^li^u = 0. We have 

(7.16) \iQiU^m 

where E is as in (15.31) . 

Proof Let (f G C^{C''-\R) such that J^„_,f{z)dv{z) = 1, if ^ 0, (p{z) = if 1^1 > 1. 
Put gm{z) = m2"-2(^(m2)e*«(^), m = 1,2, . . .. Then, J^„_,gm{z)e-'^''>^^'^dv{z) = 1 and 



2 ^2 

< . 

n — 1 



(Qmh„«)(0)= lim e-'''^ij{r])xM{t)e-^'e-''"^^^gm{zHz,t)dtdv{z) 
(7.17) ^ 

= lim / ij{t)xM{t)e-^'e-''°^'^gUz)u{z,t)dtdv{z). 
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Choose x{t) e C^{^) so that x{t) = 1 when \t\ < 1 and x{t) = when \t\ > 2 and set 
Xjit) = x{'t/j)y 3 ^ For sach m, we have 



(7.18) 



i^{t)xM{t)e-^'e-''^^'^g^m{z)u{z,t)dtdv{z) 

= hm / ijit)xMit)e'^'e-'''>^'^gUzMz,t)xj{t)dtdviz). 
From Parseval's formula, we can check that for each j, 

i){t)xM{t)e-i'e-''^^'^gm{z)u{z,t)x,{t)dtdv{z) 



(7.19) 



^ / a{r))vj{z,7])gmiz)e '^''^^^d-qdi 



, , , , iv[z) 

where Vj{z,ri) is as in (17.121) and 

(7.20) a(r/) = j e-''^ij{'n)xM{t)dt. 
From (I7.19P and fl7.18p . we obtain for each m, 

/ ^{il)XM{t)e-'^'e-'''^'^gra{z)u{z, t)dv{z)dt 

(7.21) ^ 

^ 2tt ^^^'^^9m{z)a{r])e '^°^''^dv{z)dr], 

where v{z,r]) is as in fl7.14p . Now, 



Hv) = I e-''^mXM{t)dt 

e-'''^i>{t)dt+ I e-'*V(i)(XM(t)-l)c^t 



= (27r)V'(r/) + ai(r?), 

where 

aM = j e-''^m{XM{t)-l)dt. 

Combining this with fl7.2ip . we have 
(7.22) 

Vi(t)xM(t)e-^*(7„(^)n(z,t)e-*«(^)dt;(^)dt 

v{z, r])gmiz)'ip{r])e~'^"^''^ dv{z)dr] + ^ J v{z,r])gmiz)ai{r])e''^°^''''dv{z)dT]. 
Since v{z, rj) E i)(-f^n5 ^o): it is easy to see that 
(7.23) \tp{r])\\v{z, r])\\gm{z)\e-'^'''''Ur]dv{z) < oo, Vm > 0. 



From fl7.15p . we see that v{z, rj) = almost everywhere on ]R\Mp^i, for every z G C"^^. 
Since Supp?/' = 0(see the discussion after (15. ip ). we conclude that for each 
m > 0, 



(7.24) z^ j ip{ri)v{z,ri)g^{z)e-'^°^^'^dri = 0. 
From fl7.23p . (I7.24p and Fubini's Theorem, we obtain 

(7.25) / v{z,ri)g,^{z)tp{r])e-'^'''''Ur]dv{z) = 
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for every m > 0. From fl7.25p and fl7.22p . we get for each m, 

i,{t)xM{t)e-i'gra{z)u{z,t)e-^^^'^dv{z)dt 



(7.26) 



^ / v{z,r])g^{z)ai{r])e *°(^)(it;(z)d?7. 



Since < xm < 1 and xm = 1 if —M <t< M, we have 



(7.27) \aM\ 



e-'''^miXM{t)-l)dt 



\t\>M 



< 



\t\>M 



where Co = supjgjgt^ iplt) 



. Put 



f{r]) := I \v{z,r])fe-'^°^''^dv{z). 



From fl7.27|) and fl7.26|) . we have for each m, 
(7.28) 

ijir])xMit)e-^'gUz)uiz,t)e-''^'^'^dviz)dt 

9C 1 r 

' \viz,v)\9U^)e-''^^^Uviz)dv 



< 

- M 2n 



2Col_ 
M 27r y|,|<i 



v{ — ,7]) ip{z)dv{z)dr] 
m 



< 



M 



(2vr) 



n + l 



2 / e*(^)lM^,(r7) \det{M^ + 2riCp)\~' y^)^{z)dv{z)d7] 
kl<i 



<^(27r)-"*^sup{e*»(^); \z\<l} 



|det(M^ + 2r/£p)|dr/ 



f{ri)d7] 



= ^(27r) 2 supje 1^1 < 1}^ , — 



det{M^ + 2'nCp)\dri)\ 



Combining (17:^ with (17X7]) and (ES]), we get 



(QSh„^)(0) < ^((2^)"" / |det(M/ + 2r/£,)|dr/)^ < 



E 



where E is as in (15. 3p . (I7.16P follows. □ 
In view of Proposition 17. 3[ we have proved that for all u{z,6) G Q^'^{Hn) with 

^2 



(Q2h„^)(o), < (QiL„«)(o) 



< 



n — 1 



for all J = 1, . . . ,n — 1, where (Qm ~ Y^]j=iiQAi H„'^)ji^)^^j ^ 



5.3p . Thus, for every j = 1, . . . , n — 1, we have 



^2 



n — 1 



and 
(7.29) 



i=i 

From (I7.29P and Theorem 17.11 we obtain the main result of this section 
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Theorem 7.4. Let Vj. > be any sequence with z/^ — )■ as k ^ oo. For each x G X , 
we have 



limsupfc-"(gg,i7g,,^g«,)(x) < E 



fc— >oo 



(7.30) 

where E is as in (15.31) . 

The proof of the following theorem is essentially the same as the proof of (16. ip . We 
omit the proof. 

Theorem 7.5. For any sequence z/^ > with Uk ^ as k oo, there is a constant 
C > independent of k, such that 



(7.31) 

Now, we can prove 



C Ck"", Vx G X. 



Theorem 7.6. Let Uk > be any sequence with Uk ^ as k oo. Then there is a 
ko > such that for all k > k^. 



(7.32) 



X 



{Q%n;^ku,Q%)Wvx{x) <k- [ E'dvxi 

Jx 



XI 



where E is as in (15.31) . 



Proof. In view of Theorem 17. 5[ supj, k ^Q^m k-^k^kv^Qti k)i') integrable on X. Thus, 
we can apply Fatou's lemma and we get by using Theorem 17.41 

hmsupfc- / {Qllni%,^,){x)dvx{x) 

fc— 5>oo J X 

< [ \imsnpk--{Q'^^]X%u,Wk)(^)d^x{x) 



< / E'^dvx(x) 



X 



The theorem follows. 



□ 



8. The proof of Theorem 11.131 

Let 5fc > 0, — )■ oo as A; — i- oo, be as in Theorem 16.41 and let z/jt > be any sequence 
with limfe^oo — = and z/^ — )■ as /c — > oo. Let 

7l,fc < l2,k < ■ ■■ < lmk,k 

be all the distinct non-zero eigenvalues of D^^] between and kvk- Thus, 71, ^ > and 

'lmk,k < kvk- We notice that 7^,^, j = 1, . . . , mfc, are also eigenvalues of □[^fc. For A G M, 

let J^,^^{X, L^) denote the space spanned by the eigenforms of □['^^ whose eigenvalues 
are A. For each j G {1, . . . , mfc}, let 

•I j,ki J j,k^ ■ ■ ■ 1 J j,k 

be an orthonormal basis for M'^^^, ^{X, L^), where dj^k = dim^°^^. ^(X, L*"'). Let 

Jo,ki JQ,ki ■ ■ ■ 1 JO,k 

be an orthonormal basis for ^°(X, L''), where (io,fe = dim J^°(X, L''). 
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Let Q^^jj. and <5)vVfc f l5.7p and fl5.13p respectively. By the definition of 

0)' > 



(QM,fc<<fc.J(^)(see dni), we liave 



(8.1) 

t=i j=i t=i 

From (18. ip and (I6.35p . we conclude that 



1.2) 



t=l 



j=l t=l 



> ^(27r)i-"^( J ^(0 det(M,* + 2e£.)lM.,o(Orfe)rf^^x(x) 



for k large. For j = 1, . . . , m^, we put 
1 ... 1 



For each j = 1, . . . , m^, 



-db,kflk 



iQ^lkd^k I 9],k)hL'' ~ ~ iQAlk'^b,kflk I 9b^kflk)hL'' 

!j,k 

= —(db,kQM,kflk I db,kflk)hL^ here we used (|5.18p 



j,k- 



.3) 



WM,kJj,k I '-'6,A:i' 



(0) 



Hence, 



iQ^M,kfj,k I fj,k)h'-''i 



j=l t=l 



j,kJhL'' 



t = h 



} ^j,k- 



t.4) 



j=l t=l 



< 



\ J = l t=l 



2 



Since 



1/ 



1, for every j and t, it is obviously that 



wife 



\ X^X] ll^ifclLi^■ 
^ i=i t=i 



\ i=i t=i 



|i2 



Combining this with (18. 4p and (18. 2p . we get 



1.5) 



i=l 



> 



+ 



\ j=i t=i 



\ j=i t=i 

y(27r)i-"^( J mdet{Mt + 2^C.)l^^^,{0d^yv 



2 

kW^Lk 



for /c large. 
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We can check that for each j = 1, . . . ,171^, g^-f., t = 1, . . . ,dj^k is an orthonormal 
basis of the space db,k^b%,iX,L'') C Jift,]^^^{X,L''). From this observation and the 

definition of (QM,fc-^i,<A:!/fcQM,fc)(^)(see (12.141) ). we conclude that 



(8.6) 

Thus, 

(8.7) 



j=l t=l 



j=i t=i 



X 



Combining (18. 7p with (I7.32p . we get 

(8-8) EEllO^A 

j=l t=l 



< r / E'dvxix 



X 



for k large, where E is as in (15. 3p . 

From (1^1^ and (l^T^ . we conclude that 
(8.9) 



^fiA:.,(a^)t^^x(a;) = r(27r)-" / ( / |det(M,* + 2sC^)\ ds)dvx{x) + o{k''), 



for k large. It is obviously that 



Combining this with (18.91) . we get 



(8.10) 



2 



< 



r2(27r)-"^( y det(Mi' + 2ei:,)lM^,„(0rfe)rft;xi 



for A; large. From ([H3D, dUD]), dHS]) and ([53]), we obtain 
Theorem 8.1. Let 

rl r2 rd.o,k 

/0,fc' /0,fc' • • • ' /o,fc 

6e an orthonormal basis for J^'^(X, L^), where cio.fc = dim^°(X, L'^). Then, for k 
large, we have 

(8.11) 

t=i •' 



The following is straightforward 
Lemma 8.2. For k large, there is a constant C > independent of k, such that 



0^°^ u 



k <C\\u\\,^^k , 
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Proof. Let D D' ^ D" d X be open sets of X and let s be a local section of L on 
D" . We assume that there exist canonical coordinates x = (xi, . . . ,X2n-i) = {z,9) on 

D". Let xm be as in f l5.6p . For k large, we have G D'; Wx E D,t E SuppxA/| 

and Supp/($^x) C D', Vt G SuppxM, V/ G C'^{D,L^). In cannonical coordinates 
X = {z,9), we have $fc(a;) = {z,^ + 9). Let m{z,9)dv{z)d9 be the volume form on 
D", where dv{z) = 2'^~^dxidx2 ■ ■ ■ dx2n-2- Since m(2;, 9) is strictly positive, for k large, 
there is a constant Ci > independent of k, such that 



(8.121 



m(^,^) < (:7im(^,^ + ^), 'i{z,9)eD\ tGSuppxA/- 

A; 



Let M G C^{D,L^). On D", we write m = s^'m, n G C^(L'). From the definition of 
Q^M k (s^^ (15. 7p ). we can check that for k large. 



e"'*''V^(r?)XM(t)e-^'^^"'^+^^M(2,^ + f )t^trfr7 



m(2, 9)dv{z)d9 



(8.13) 



< C / XM(t)e-^*(^'^+^) 
'(^,6»)e-D' 



u{z,9 + -] 



< CC, / XA.(t)e-'=*(^'^+^) 

'{zfi)eD' 



u(z,9 + 



m{z, 9)dtd9dv{z) 

' t 
m(z, 9 + —)dtd9dv(z) 
k 



CCi 



{z,\-{)eD' 



XM{t)e-^^^'^^^ \u{z, A) 1^ m(z, X)dtdXdv{z) 



<C e-^"^^''^^ \u{z,9)f m{z,9)dv{z)d9 = C 



where C > 0, C > are independent of k and u and Ci is as in (I8.12p . From (I8.13p 
and by using partition of unity, the lemma follows. □ 

Proof of Theorem \1.13[ From Lemma [8.21 and (18. lip , we see that for k large. 



^/cdo,k = VcJ2 \\fo,k\\l^ > T.\(QM,kfo,k I fL 



t=l 

> — 27r' 
- 4 ^ ' 



t=i 



l-n 



X 



V;(0 det(M,* + 2iC^)l^^^,{i)dCidvx 



where C > is the constant as in Lemma lO and rfo,fc = dim^°(X, L^). Theorem [LTal 
follows. □ 

9. Examples 

In this section, some examples are collected. The aim is to illustrate the main results 
in some simple situations. 

9.1. Compact Heisenberg groups. We consider compact analogues of the Heisen- 
berg group Hn- Let Ai, . . . , A„_i be given non-zero integers. Let = (C"^^ x M)/^ , 
where {z, 9) ~ (i^, 9) if 

'z — z = (ai, . . . , q;„_i) G \p2T^7Lr'~^ ^ i\f2T^TP'^^ , ^ ~^YTj=v^A^i'^j^^i^j) ^ • 

We can check that ~ is an equivalence relation and '^B.^ is a compact manifold of 
dimension 2n — 1. The equivalence class of (2;, 6*) G C"^^ x M is denoted by [(2;, 6')]. For 
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a given point p = [{z, 9)], we define T^'^'^Hn to be the space spanned by 

l^ + ^^i^iS' J = l,...,n- 1}. 

It is easy to see that the definition above is independent of the choice of a representative 
{z, 9) for [{z, 9)]. Moreover, we can check that T^'^^Hn is a CR structure and T := ^ 
is a rigid global real vector field. Thus, T^'°^iJ„) is a compact Heisenberg 

manifold of dimension 2n — 1. We take a Hermitian metric ( • | ■ ) on the complexified 
tangent bundle CT'tfHn such that 

is an orthonormal basis. The dual basis of the complexified cotangent bundle is 
^dzj , dzj , loq := —d9 + Yl^Zii'^^j'^jdzj — iXjZjdzj); j = 1, . . . , n — l| . 

The Levi form Cp of '^^Hn at p G ^-ffn is given by Cp = ^jZl ^jdzj A dzj. 

Now, we construct a rigid Heisenberg line bundle over Let L = (C"^^ x M x 

C)/= where {z,9,ri) = (z,9,rf) if 

{z,9)^{I,9), 

n—l ^ 

rj= ?7exp(^ nA^j^t + 2"i"*)) ^ for a = (ai, . . . ,a„-i) = z-z, 
j,t=i 

where fij^t = fJ'tj, jyt = — 1, are given integers. We can check that = is 

an equivalence relation and L is a Heisenberg line bundle over ^Hn- For {z,9,r]) G 
C"^"*^ X M X C we denote [{z, 9, rj)] its equivalence class. It is straightforward to see that 
the pointwise norm 

I [(2;, ^, ^)] I^L := 1^1^ exp ( - HtZjZt) 
is well-defined. In local coordinates {z,9,ri), the weight function of this metric is 

n-1 

= ^ flj^tZjZt- 
j,t=l 

We can check that dfyT(j) = 0. Thus, (L, h^) is a rigid Heisenberg line bundle over ^Hn- 
Note that 

db = YTjZl dZj A (J- - iX,Zj§) , dt = YTjZl dzj A + iXjZj^). 
Thus d{dh4> — db(f)) = 2 Yl^t=i l^3,tdzj A dzt and for any p G "^-ffn, 

n— 1 

= ^ l^3,tdzj A (iz^. 
From this and Theorem II. 13^ we obtain 

Theorem 9.1. If the matrix (/ij,t)j7=i positive definite and 5^(0), Y{1) hold on '^Hn, 
then for k large, there is a constant c > independent of k, such that 

dim H°{'^Hn,L'') > ck''. 
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9.2. Holomorphic line bundles over a complex torus. Let 

Tn := C"/(v^Z" + iv^Z") 

be the flat torus. Let A = {Xj^t)^^^^, where Xj^t = Xtj, j,t = l,...,n, are given 
integers. Let Lx be the holomorphic line bundle over T„ with curvature the (1, l)-form 
©A = Z]jt=i ^j^t'^^j ^ More precisely, Lx := (C" x C)/^ , where (z, 9) ~ (z, 6) if 

z - z = (ai, . . . , q;„) G -J^T" + i^^U' , 6^ = exp ( Z]",t=i + 1"^"* )) 6' . 

We can check that ~ is an equivalence relation and Lx is a holomorphic line bundle 
over T„. For [(2;, 0)] G we define the Hermitian metric by 

:= |^|^exp(-^2t=i ^hth'^t) 
and it is easy to see that this definition is independent of the choice of a representative 
[z.,ff) of [(z,6')]. We denote by 0a(-2) the weight of this Hermitian fiber metric. Note 
that (9(90A = ©A- 

Let L\ be the dual bundle of Lx and let || ■ H^,* be the norm of L\ induced by the 
Hermitian fiber metric on Lx- Consider the compact Heisenberg manifold of dimension 
2ri + 1: X = {t> G L^; ||f ||^. =1}; this is the boundary of the Grauert tube associated 
to L\. 

Let vr : — i- T„ be the natural projection from L\ onto T„. Let yU = 
where [ij^t = fitj, j,t = 1, . . . ,n, are given integers. Let L^ be another holomorphic 
line bundle over T„ determined by the constant curvature form 9^ = l^j,tdzjf\dzt 
as above. The pullback line bundle tt*L^ is a holomorphic line bundle over L\. The 
Hermitian fiber metric cf)^ on L^ induces a Hermitian fiber metric on tt*L^ that we shall 
denote by ip. If we restict 7r*L^ on X, then we can check that 7r*L^ is a Heisenberg 
line bundle over the Heisenberg manifold X. 

The part of X that lies over a fundamental domain of Tn can be represented in local 
holomorphic coordinates (^,0; where ^ is the fiber coordinate, as the set of all (-z, 
such that := |^|^ exp(^"j^-^ Aj,(Zj^() — 1 = and the fiber metric ijj may be 

written as ipi^z^^) = Yl^jt=il^3,t'^i^t- Fi'O'^ this we see that with this fiber metric ip, 
n*L^ is a rigid Heisenberg line bundle over X. It is straightforward to check that for 
any p G X, we have = \d{dhip — db'>p){j))\T^,ox = Yl] t=i f^j,td^j ^ ^'^t- From this 
observation and Theorem 1 1.13[ we obtain 

Theorem 9.2. // the matrix (/ij,t)j7=i '^^ positive definite and Y{0), Y{1) hold on X , 
then for k large, there is a constant c > independent of k, such that 

dimi7°(X, (7r*L^)'=) > 0^+^ 
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